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Preface

Men and women, like other animals, seek pleasure and avoid pain. If one
wished to govern them according to their nature, onemight aim tomaximize
pleasure and avoid pain. This idea was developed by the English Utilitarians
as a plan for radical reform of government and law. The motto was to
maximize the sum of pleasure minus pain.

This book does not argue whether this view is morally right or wrong.
Rather it deals with the question as to whether the view has any clear
meaning at all, and if so what it is. You can hardly evaluate an ethical doctrine
without knowing what it means, but there is a tendency in moral philosophy
to do just that. Jeremy Bentham, the central founding figure, worried about
the measurement of pleasure and pain, and had some constructive things to
say about it; his successors, with a few notable exceptions, were somewhat
less worried. Pleasure and pain are treated as clear enough to propose
examples and counterexamples and draw conclusions, while postponing the
question of meaning. We believe that this is a mistake.

Economists have treated the question with various degrees of skepticism.
Some have viewed the Utilitarian aggregate utility as quite meaningless.
They see its ethical pronouncements, beyond “it would be good to make
everyone happier (if you could)”, as empty. But there is also now an attempt
to resuscitate Utilitarianism based on contemporary neuroscience.

We approach this question of meaning from the overlapping perspectives
of a cognitive scientist and a philosopher of science. We examine its history,
paying attention to psychophysics old and new, measurement theory, pos-
itivism, expected utility theory, and contemporary neurobiology. Then, in
the final chapters, we make new contributions of our own. A modification
of ideas of the nineteenth-century Utilitarian and economist Edgeworth via
measurement theory allows, in some favorable cases, meaningful aggrega-
tion of utility for a group. This aggregation is not, however, by taking the
sumof utilities across people. Conventions of interpersonal comparisonmay
be generated by an equilibration dynamics, and they may serve a socially
beneficial purpose in coordinating group decisions.

Louis Narens
Brian Skyrms

4 November 2019
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1
The Pursuit of Happiness

Preview

Utilitarianism, as we know it, began as movement for social reform based
on our common humanity, and indeed on our common animality. Nature
endows animals with systems of pleasure and pain to guide them through
their lives. Pursuit of pleasure and avoidance of pain is just doing what
comes naturally. If we are looking for a measure of group welfare, what
could be more natural than to base it on an aggregate of the pleasures and
pains of its members? As an ideology for social reform, Utilitarianism was
remarkably effective. But the nagging question of how to measure individual
and population utility persisted.

Jeremy Bentham worried about these questions because he wanted to
make ethics a science. He said different things in different places, but we
focus on two constructive ideas. The first is that sensations of individual
pleasure and pain are to be measured by counting just noticeable differences
(JNDs), a method of measurement based on increments of discrimination
of pleasure; the second is that different kinds of pleasure sensations that are
not directly measurable in this way are to be put on the same scale using
preferences. Likewise, different modalities of pain are put on the same scale.
Finally, preferences are to be used to put pleasure and pain of an individual
on the same scale. None of this was worked out in any detail, but it is a
remarkably rich set of ideas. There was an interplay between the two strands
of thought, hedonic value and preference. Later Utilitarians and economists
separated these. Regardingmeaningful interpersonal comparisons, however,
Bentham was a private skeptic, even if a public advocate.

Contemporaneous psychophysics has developed means to measure quan-
tities of sensation to establish psychophysical laws, connecting quantities of
physical stimulus with perceived sensational experiences.Themethod of just
noticeable differences was adopted for this purpose, and other techniques
involving direct measurement of subjective experience were developed later.
Just as Bentham wanted to turn ethics into a science, the nineteenth-century

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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psychophysicist Gustav Theodor Fechner wanted to turn psychology into a
science.He and later twentieth-century psychophysicists achieved this. Some
psychophysicists were Utilitarians in ethics; some Utilitarians, noteably the
nineteenth-century economist Francis Ysidro Edgeworth, appealed to psy-
chophysics in support of Utilitarianism.

Practitioners and critics of psychophysics began to look more closely at
the details of JND that Bentham glossed over. Are comparisons of JND
across different sensory modalities possible, and if so, what do they mean?
Are there subliminal sensations that can’t be counted so easily, but that
have a cumulative effect? Is the idea that just noticeable differences are
equally spaced just a convention, rather than a factual statement? Do the
different ways of measuring JND (e.g., using different probability cutoffs)
yield consistent results? Some of these questions are philosophical, and some
are empirical. Most of the psychophysical experiments at the time were not
done on pleasure at all, but on other sensations. The experiments that were
done on pleasure in the nineteenth century seemed to point to a different
psychophysical function, an inverted U-shape, from those in other domains,
where the function was modeled as logarithmic or power. Some of the
questions that were raised had to wait for future generations of psychologists
for answers. Some are still waiting.

Some economists came to the conclusion that sensations of pleasure
and pain could not be meaningfully measured at all, and thus focused on
market behavior. The choice of an alternative from a set of alternatives
was all that mattered to economics. For them, utilities were merely ordi-
nal, Only the ordering of utilities mattered, because it determined choice
behavior. If economics was to be made a science, it had to be purged of
psychology.

These debates were often carried out in an informal manner, in the
absence of a nuanced theory of different kinds of measurement and correl-
ative senses of scientific meaningfulness. Measurement was thought of like
measurement of length or mass in physics. A rigorous formal theory of mea-
surement for psychology and economics had to wait for the twentieth cen-
tury, when psychologists, philosophers, and mathematicians collaborated to
produce what was required.The idea of invariance was imported frommath-
ematics to make precise the notion of meaningfulness. In particular, scales
of measurement such as interval scales, which fall between what previously
were thought of as cardinal scales and ordinal scales, were introduced.

In the 1940s, John von Neumann and Oskar Morgenstern developed a
measurement procedure that made sense of the utilities used in the payoff
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matrices of their theory of games. The expected utility principle was used
to measure utilities of chance lotteries over prospects. Starting only with
coherent preferences over such lotteries—an ordinal notion—they showed
the existence of utilities measurable on an interval scale. Interval scales are
determined only up to arbitrary choices of zero and unit, but that is all they
need. An expected utility maximizer will choose the same if her scale is
transformed by an arbitrary choice of zero point and unit. While previous
economists, who dealt with choices over certain outcomes, could argue that
only the order of utilities was relevant, Von Neumann and Morgenstern
could argue that for expected utility maximizers, an interval scale of expec-
tations is exactly what was needed.

So far so good, but suppose what is meaningful is that which is invariant
over arbitrary independent changes of zero and of unit on the scales of
individuals making up a group. Then almost all of what philosophers have
said about Utilitarianism, pro and con, is quite meaningless. For group utility
comparisons, we are left with only the idea of Pareto dominance. One
social state Pareto dominates another if the first makes some better off and
none worse off, according to their individual utility scales. This is a purely
ordinal notion. Von Neumann and Morgenstern advanced the individual
measurement question, but not the interpersonal comparability problem.

This was left to John Harsanyi, working within the Von Neumann-
Morgenstern utility framework. Suppose individuals have utilities, mea-
surable on interval scales. And we want to have group utilities, arising from
coherent group preferences over the same lotteries, in the sameway. Suppose
the group utilities—given a choice of zero and unit for the group—are not
the sum of individual utilities. If the group utilities, given a choice of zero
and unit for the group, are not the sum of individual utilities,1 according to
some choice of zeros and units for each member of the group, then Pareto
dominance is violated. Thus for any non-Utilitarian aggregation, there will
be some Utilitarian aggregation that is better.

This does not solve the interpersonal comparison problem, because it
does not tell you how to choose individual zeros and units. One choice
will lead the group to rank lottery A above lottery B; another to rank B
over A. In this sense, the Utilitarian Sum is still meaningless. But Harsanyi’s
approach did establish a kind of privileged place for taking the sum as the

1 Equivalently the average. If the group is of size N we can transform the sum into an average
by shrinking the units to size 1

N
. We are only working with groups of fixed size here.
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functional form of Utilitarian aggregation. Again, without something more,
almost everything philosophers have said about Utilitarianism would be
meaningless.

Hopes that contemporary neurobiology would re-establish Bentham’s
hedonic measurement on a firm scientific foundation seem overly sanguine.
Some earlyUtilitarian economists distinguished the concepts of pleasure and
desire.2 These appear to have different, but intertwined systems. For a while,
one system was misidentified as the other. Multiple neurotransmitters are
involved. Pain is something else, and neurobiology offers little prospect for
combining them in the additive way that Bentham envisioned. Taking the
neurobiological measurement of pleasure and pain seriously presupposes
proper measurement of sensations that calibrates the measurements of neu-
ral activity and of neurotransmitter quantities. These are the problems of
psychophysics all over again.

Psychophysics in the twentieth century solved some of the problems faced
by psychophysics in the nineteenth. Luce’s theory of semiorders (discussed
in Chapter 11) shows how a system of JNDs can be represented as arising
from a continuous latent variable that accounts for the “subliminal sensa-
tions.” Cross-modality matching (e.g., matching the subjective brightness
of a light with the loudness of a sound) does seem possible in certain
domains, although the interpretation of some experimental results seems to
indicate that people don’t tell the difference between increments and ratios—
a distinction that is crucial for quantitative meaningfulness concerns. Many
of the relevant experiments have not yet been done for pleasure, and there is
no guarantee that cross-modality matching for different sources of pleasure
will work in the same way as those for sensations of loudness and brightness.

2 For example, the nineteenth-century Utilitarian economist Arthur Marshall in the first
edition of hisPrinciples of Economics identified utility of a commoditywith its desirability instead
of the satisfaction (pleasure) brought by its consumption. This distinction between desire and
satisfaction became, and continues to be, an important concept in economics.

Thus then the desirability or utility of a thing to a person is commonly measured by
themoney price that he will pay for it. If at any time he is willing to pay a shilling, but
no more, to obtain one gratification; and sixpence, but no more, to obtain another;
then the utility of the first to him is measured by a shilling, that of the second by
sixpence; and the utility of the first is exactly double that of the second.

The only measurement with which science can directly deal is that afforded by
what a person is willing to sacrifice (whether money, or some other commodity, or
his own labour) in order to obtain the aggregate of pleasures anticipated from the
possession of the thing itself.

(Marshall 1890: 151)
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Although the relevant mathematics for psychophysics has been substantially
advanced, many empirical questions remain.

One way to move forward is to rethink the measurement of utility along
different lines. Using ideas that go back to Edgeworth that are hybrid with
those of Von Neumann and Morgenstern, it is possible to measure utility on
a ratio scale by using preferences over episodes. This stronger scale makes
meaningful Utilitarian aggregation for those episodes which have positive
hedonic value for everymember of the group. However, the aggregation is by
product rather than sum. This is meaningful without interpersonal compar-
isons. The sum is still meaningless. Some of classical Utilitarianism survives;
some does not. Some of what moral philosophers say about Utilitarianism
becomes meaningful; some does not. The foregoing does not use chance at
all. However, combining it with chance to get Utilitarian aggregation over
lotteries over episodes can be done in different, incompatible ways. This
together with Harsanyi’s theorem shows that we can’t get everything we
might want.

A different way to advance is to keep within the Von Neumann-
Morgenstern framework, but view interpersonal comparison as not being
based on facts, but on convention. That raises two questions.

The first is how these conventions can be of any use. Suppose individuals
somehow agree because of a convention about how to compare utilities.
The nineteenth-century Utilitarian philosopher Henry Sidgwick asked why
they should act to maximize the total utility of the group rather than their
own personal utility. There seems no principled reason why they should,
and a principled reason why they should not in cases in which the two
objectives are in conflict. The answer we favor3 requires social interaction. A
group of Utilitarians can use group utility to select actions in a coordination
problem. There are multiple combinations of actions that are equilibria.
In these choices, individuals will be maximizing their individual utilities
by maximizing the Utilitarian group utility. They will be choosing a Nash
equilibrium.⁴ Since everyone will be choosing it, each will be maximizing
utility given what the others do. In these cases there is no conflict between
the two objectives.

The second question concerns the establishment of such a convention:
How does it evolve? Where coordination is important, there is a payoff for

3 Due to the game theorist and philosopher Ken Binmore.
⁴ A Nash equilibrium is a combination of actions such that no one can gain by unilateral

deviation from that combination.
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successful coordination. Given a certain amount of good will, this can drive
an equilibration dynamics that can converge to agreement on the relevant
aspects on interpersonal comparison. We provide general conditions on
equilibration dynamics under which they will lead to such convergence.
There aremany possible equilibrium selection conventions that could evolve.
We do not have any principled way to select one of them. We do show,
however, how a Utilitarian modus vivendi can evolve in a small group.

Returning to the first question, the higher-order convention of Sum
Utilitarianism is not the only possible way to solve coordination problems.
In favorable cases, Product Utilitarians might solve coordination problems
without lower level conventions of interpersonal comparison.

We go a little further than Von Neumann-Morgenstern utilities. But we
do not get as far as the absolute utility numbers that some contemporary
philosophers have simply postulated. There are choices to be made and
alternative paths to be investigated. Implications need to be rethought. We
believe that it is time for a fresh look at Utilitarianism.
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2
Jeremy Bentham
Philosophical Radical

Jeremy Bentham’s philosophy had a major impact during the late eighteenth
century to early twentieth century on law, economics, and ethics. It provided
an intellectual basis for nineteenth-century Utilitarianism, and played an
important role in social and political reform.

Bentham’s Utilitarianism was based on a simple principle of hedonism.
Humans, and indeed all animals, seek pleasure and avoid pain. This is how
we naturally do what is best for us. The goal of an ethical society is to
maximize the overall pleasure of its members. By measuring pleasure and
pain, Bentham sought to provide a rigorous scientific basis for morals.

2.1 Radical Reform

In 1823, a book entitled Not Paul, but Jesus appeared (see Figure 2.1). The
content was so explosive that it was published under a pseudonym, Gamaliel
Smith, and only part of the original text was included.1 The real author was
Jeremy Bentham. The book argues, with extensive use of Biblical text, that
Christianity took the wrong path when it chose for follow Paul of Tarsus.
Paul’s doctrine is presented as anti-pleasure, anti-sex, and in favor of the
subjugation of women to men.

Paul inveighs against bodily pleasures: “make no provision for the flesh,
to gratify its desires”2 especially sexual pleasure “it is a good thing for a man
to not touch a woman.”3 He is seen opposed to any autonomy for women,
“I permit no women to teach or have autonomy over men;”⁴ “just as the

1 The 1823 volume was to be volume I of a projected three-volume work. Additional material
is now published by the Bentham project, University College London. See Bentham (2013a).

2 Romans 13:14.
3 1 Corinthians 7:1.
⁴ Timothy 2:11.

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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Figure 2.1 Thanks to Special Collections at the University of California, Irvine
libraries for this scan of the title page of their copy.
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Church is subject to Christ, so also let wives be subject to their husbands
in all things.”⁵

Bentham argues that there none of this in the teachings of Jesus.

Not so Jesus: . . . for anything that appears in any one of the four histories
we have of him,—no harm did he see in anything that gives pleasure. What
everyman knows—andwhat Jesus knew as well as anyman—for neither in
words nor in acts did he deny it—is,—that happiness, at what time soever
experienced,—happiness, to be anything, must be composed of pleasures:
and, be the man who he may, of what it is that gives pleasure to him, he
alone can be judge.⁶

The book ends with the statement that Paul, who warned against the
Antichrist, was himself a true Antichrist.⁷

This reading of scripture served to highlight Bentham’s own hedonism,
which he followed wherever it led. Pleasure is good; pain is bad. Overall
pleasure in society could be increased by changes is the laws of the land.

Bentham reasoned that women were as capable of feeling pleasure and
pain as men. Women should not be trapped in unpleasant marriages; they
should be free to divorce. This would increase their pleasure more than it
would decrease, if at all, that of the husband. Women should have the right
to vote.⁸

There is no reason that sex should be confined within marriage; nor that
sex should only be for procreation. Bentham saw procreation as more of a
problem than a goal, given the inevitable overpopulation problem foretold
by Malthus. There is nothing in principle wrong with homosexuality. Sexual
orientation should be a matter of personal choice, and the law should stay
out of it. “It is wonderful that nobody has ever yet fancied it to be sinful to
scratch where it itches.”⁹

⁵ Ephesians 5:24.
⁶ Bentham (1823: 394).
⁷ An even more inflammatory text, Sextus, written in 1817 was supposed to form part of

volume III of Not Paul, but Jesus, but was too controversial to be published at all during
Bentham’s lifetime. Due to the Bentham project at University College London, it is now
available, both separately and in an assembled version of volume III. See Bentham (2013a,b).

⁸ For more on Bentham on women’s rights, see Williford, (1975) who argues that J. S. Mill,
in his famous essay of the subject (1869), was following Bentham’s lead.

⁹ Bentham (2013b).
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Women should not be slaves to marriage, but there was a real slave trade
in England. Benthamopposed black slavery on the sameUtilitarian grounds.
The potential gain in utility for a freed slave is greater than the potential loss
to the previous master. “No one who is free is willing to become a slave; no
one is a slave but he wishes to become free.” But emancipation should not
be so sudden as to leave the ex-slaves without means to earn a living, and
worse-off than before.1⁰ First the slave trade should be abolished in England,
then slavery in England, and gradually slavery in the rest of the world.

If black people from Africa who were traded in Liverpool were literal
slaves, one could argue the inhabitants of the colonies of European nations
were in a kind of slavery to their foreign masters. The same Utilitarian
argument can again be made. The colonies would gain more utility by being
freed than the colonizers would lose by freeing them. Bentham accordingly
opposed Colonialism, against the current of history, with a steadfastness not
matched by later Utilitarians.11

And at home, the poor were also in a kind of servitude. It was not only
women who were disenfranchised, but also men who were not landowners.
Food prices were kept high by the corn laws. Children worked long hours.
Debtors went to prison. Petty theft was punished by hanging. It seemed
obvious to Bentham and to his fellow Utilitarians that the sum total utility of
society could be increased by modest reforms in these areas.

Bentham’s followers—the Philosophical Radicals—continued after his
death to push for some—but not all—of his projected reforms. They did not
do it alone, but with allies in the clergy and elsewhere, they accomplished
a lot. The corn laws were repealed in 1846, with the impetus of the Irish
famine. Suffrage was extended, in a series of steps, to widening classes of
men. Women had to wait until the twentieth century. In 1918 the vote
was extended to selected classes of women over the age of 30. It took ten
more years until all women were included.12 Divorce was legalized in 1857.
Bentham lived to see the slave trade abolished in the British Empire in
1807. The practice of slavery itself was abolished six years after his death
in 1838.

1⁰ See Rosen (2005).
11 For example, J. S. Mill (1859) “despotism is a legitimate form of government in dealing

with barbarians” in his famous essay “On Liberty.” See the introduction and essays in Shultz and
Varouxakis (2005) especially that by Pitts (2005).

12 New Zealand gave all women the right to vote in 1893, Australia in 1902, the United States
in 1920.
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2.2 Measuring Utility

Foundational questions were understandably on the back burner while
changing the world. But Bentham was not unaware of them. Before one
asks whether Utilitarianism is good or bad ethics, one needs to know what
it means. If Utilitarianism says that the total good of society is the sum of
pleasures (less pains) of its individual members, then its meaning depends
on how the things to be summed are to be measured.

Bentham worried about this. First, for an individual, how are pleasures of
a specified kind to be measured? Then, since there are pleasures of multiple
kinds, how are they aggregated? That is, how are they put onto one scale so
that the total pleasure for an individual can be meaningfully determined;
likewise for pains? Then, if we have a measure of aggregate pleasure and
one of aggregate pain, how are they combined to give a measure of overall
hedonic value?

Supposing answers to these questions, there remains a final problem.
How are individuals’ hedonic values to be combined to give a meaningful
Sum Utility for society? This is the problem of interpersonal comparison of
utilities of which Bentham was well aware. Only when these problems are
given a positive solution, if only in some coarse-grainedway, canwe say what
Utilitarianism says is good for society.

Bentham, unlike many of his successors, recognized these problems,
thought about them, and had tentative answers to some of them. Starting
with the simplest question about how to measure a specific type of pleasure,
he came up with the notion of JND (used later in the psychophysics of
Fechner):

the degree of intensity possessed by that pleasurewhich is the faintest of any
that can be distinguished to be pleasure, may be represented by unity. Such
a degree of intensity is in every day’s experience: according as any pleasures
are perceived to be more and more intense, they may be represented by
higher and higher numbers.13

A noticeable increment is an “atom of pleasure.” To measure a pleasure, you
simply add up the atoms to take you from no pleasure to this pleasure.

13 Bentham, in Halevy (1995 [1901]: vol. 1, p. 398).
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Now consider two different kinds of pleasures, say one from food and
another from listening to music. Each can be measured on its own scale, but
how are they to be put on the same scale. It would have been simple enough
to just postulate that an atom of one type of pleasure is equal to an atom of
the other, but Bentham does not say this. He says:

If, of two pleasures, a man, knowing what they are, would as lief enjoy one
as the other, they must be reputed equal.1⁴

Disposition to choose forces comparability. How different dimensions of
pleasure trade off is indicated by personal preference. The comparisons are
up to the agent, and may be different for different people, or for the same
person at different times.

The story formeasuring pains goes the sameway.There are different kinds
of pains. They are measured by JND, each on its own scale. Then individual
preferences are used to put them on the same scale.

If of two pains a man would as lief escape one as the other, such two pains
must be reputed equal.1⁵

This leaves us with the problem of combining total pleasure and total pain.
Bentham believes that one simply subtracts the pains from the pleasures, but
that leaves the question of aligning units of pleasure and units of pain. This
is again taken to be a matter of individual preference.

If of two sensations, a pain and a pleasure, a man would as lief enjoy the
pleasure and suffer the pain, as not enjoy the first and not suffer the latter,
such pleasure and pain must be reputed equal.1⁶

It is conceivable that one unit of pain cancels two units of pleasure, or
conversely, this depending on the individual.1⁷ 1⁸ If all the foregoing can be

1⁴ Bentham in Halévy (1995 [1901]: vol. 1, appendix II, p. 306).
1⁵ Bentham in Halévy (1995 [1901]: vol. 1, appendix II, p. 302).
1⁶ Bentham in Halévy (1995 [1901]: vol. 1, appendix II, p. 302).
1⁷ The masochist poses a prima facie problem for the account, but there are various ways

to save it.
1⁸ Current results from physiology suggest it is naive to postulate pleasure and pain being

coded on a single dimension. This is discussed in Chapter 9.
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consistently carried out, a given individual’s hedonic value is well-defined by
a combination of counting and preference.

This leaves the definition of aggregate pleasure of a group of individuals.
If summing the total pleasures (or pains) of individuals is to make sense,
the individual scales, gotten as above must be combined on one scale for
society. This is formally much like the problem of combining different kinds
of pleasures, which Bentham just solved above. But the analogous solution
is not readily available. What is the tradeoff between John’s pleasures and
Jane’s, or between John’s and Fido’s, according to “society’s preferences”? He
does not have group preferences, and indeed is trying to define what they
should be. In a candid passage, Bentham admits that he is at an impasse.

Tis vain to talk of adding quantities which after the addition will continue
distinct as they were before, one man’s happiness will never be another
man’s happiness; a gain to one man is no gain to another; one might as well
pretend to add 20 apples to 20 pears, after which you had done that could
not be 40 of any one thing but 20 of each just as they were before. This
addibility of the happiness of different subjects, however, when considered
rigorously it may appear fictitious, is a postulatum without the allowance
of which all political reasoning is at a stand.1⁹

Some of Bentham’s followers, such as Edgeworth, also worried about these
foundational questions. But a whole series of distinguished philosophers,
starting with J. S. Mill, and extending to those in the present, skated over
the thin ice without thinking critically about measurement.

We have in Utilitarianism a theory whose rhetorical power changed the
world2⁰ but whose content on closer examination remains unclear. What
are we to make of this? A major part of the problem was that relevant
conceptual tools had not yet been developed in Bentham’s time.Therewas no
deep understanding of measurement. Psychophysics had not been explored.
Psychology of pleasure and pain was underdeveloped. The relevant neurobi-
ology did not exist at all. Theories of convention had to await developments
in the theory of games.

1⁹ From Halévy (1995, [1901]: vol 3, p. 349).
2⁰ Or, more accurately, part the world. Much of the world has not yet implemented the

reforms that the Philosophical Radicals pushed through in England.Women do not have rights.
Slavery still exists.
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Nature has placedmankind under the governance of two sovereign
masters, pain and pleasure. It is for them alone to point out what
we ought to do, as well as to determine what we shall do. On the
one hand the standard of right and wrong, on the other the chain
of causes and effects, are fastened to their throne. They govern us
in all we do, in all we say, in all we think: every effort we can
make to throw off our subjection, will serve but to demonstrate
and confirm it.

(Bentham 1789: ch. 1).

Here is a quick overview of early Utilitarians, with respect to their positions
on the meaning and measurement of utility.1 We omit those like Marshall,
who really don’t add anything new to this discussion, even though theymake
other contributions. A diverse collection of views rapidly develops under the
Utilitarian umbrella. Some lose the reformist zeal. Some do not worry too
much about measurement. Bentham really stands out. We think that he has
been historically undervalued.

3.1 Jeremy Bentham

Bentham aimed to lay down principles for a Science of Morals. He wanted
a science with foundations like those of physics with mathematically stated
laws relating quantified concepts. To achieve this, pleasure and pain needed
an empirical base. “Hence to know what men will do, to tell what they
should do, or to value what they have done, one must be able to measure
varying ‘lots’ of pleasure or pain. How are such measurements to be made?”
Bentham’s basic approach to utility, that is, the measurement of pleasure-
pain, was to measure the pleasure(-pain) experience in terms of its intensity
and duration:

1 For further reading, we recommend IvanMoscati’s excellent book,MeasuringUtility (2018).

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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The unit of intensity is the faintest sensation that can be distinguished to
be pleasure or pain; the unit of duration is a moment of time. Degrees of
intensity and duration are to be counted in whole numbers, as multiples of
these units.

The unit of intensity multiplied by the unit of duration produced a unit
of pleasure-pain, and thus the multiplication of their degrees produced a
measure of pleasure-pain. Taking the sum of this pleasure-pain measure
(with pains receiving negative numbers) over the duration of an episode
produces a number called the utility for that episode. In the first analysis, an
individual’s utility is thus measured by just counting atoms of utility. Utility
comes in discrete units. It has the structure of whole numbers, positive,
negative, or zero.

The picture becomes more complicated when considering the means by
which various pleasures and various pains are to be combined on a common
scale ofmeasurement. Benthamwas well aware of the range of pleasures, and
produced long lists of them. One of his own life-long pleasures was listening
to music. Since he is measuring different kinds of pleasure in terms of just
noticeable “particles” of pleasure, he could have said that all count as the
same size. We have not found anywhere that he says this. Instead he uses
an individual’s preferences to put her pleasures and pains on one scale. The
details are not worked out, but this leaves different possibilities open. Which
is right for a person at a time is an empirical question.

Bentham later expanded his discussion of Utilitarian value:

Considered with reference to an individual, in every element of human
happiness, in every element of its opposite unhappiness, the elements, or
say dimensions of value (it has been seen,) are four: intensity, duration,
propinquity, certainty; add, if in a political community, extent. Of these
five, the first, it is true, is not susceptible of precise expression: it not being
susceptible of measurement. But the four others are.2

Bentham still worries about measurement, but now seems to contradict his
account ofmeasurement of intensity: “Of these five, the first [intensity] is not
susceptible of precise expression: it not being susceptible of measurement.”

2 From Bentham’s Codification Proposal (1822: 11).
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Measurement of intensity is what JND were supposed to accomplish. Ben-
tham had different ideas at different times.

He handled the dimension of certainty as follows:The utility of an episode
E happening with probability p is just p times the utility of E. This is the only
risk component in his utility theory. The dimension of extent, is concerned
with “the number of persons to whom [happiness] extends.”

Propinquity is a factor that multiplies utility by a positive number the
utility of an immediately experienced version of the episode. It is like a
discount factor for future episodes, except it can also lead to an increase of
the utility of a future episode. Bentham did not deal with the subtleties of
how a future version of an episode is related to an immediately experienced
one. This context effect of dependence on the past creates serious problems
for modeling hedonic decision making.

Extent is handled by the Utilitarian Sum. The goal of Utilitarianism, “The
greatest good for the greatest number” amounted to maximizing the sum
of the utilities of a population. The population’s pleasure—the sum of all
the individuals’ pleasures—is measured by the sum of other individuals’
utilities as determined by their utility functions. We know that in private,
Bentham was skeptical about interpersonal comparison of utility, and thus
about whether the Utilitarian Sum was even meaningful. Recall the passage
found in his unpublished manuscripts:

Tis vain to talk of adding quantities which after the addition will continue
distinct as they were before, one man’s happiness will never be another
man’s happiness; a gain to one man is no gain to another; one might as well
pretend to add 20 apples to 20 pears, after which you had done that could
not be 40 of any one thing but 20 of each just as they were before. This
addibility of the happiness of different subjects, however, when considered
rigorously it may appear fictitious, is a postulatum without the allowance
of which all political reasoning is at a stand.3

For practical political reform, the sumneeded to be upheld, if only in some
coarse-grained, approximate form. Bentham and some later Utilitarians
developed a different approach to this problem: to somehow use money as a
measure of individual and group utility:

3 From Halévy (1995 [1901]: vol. 3, p. 349).
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If of two pleasures a man, knowing what they are, would as lief enjoy the
one as the other, theymust be reputed equal. . . . If of two pains aman had as
lief escape the one as the other, suc’h two pains must be reputed equal. If of
two sensations, a pain and a pleasure, a man had as lief enjoy the pleasure
and suffer the pain, as not enjoy the first and not suffer the latter, such
pleasure and pain must be reputed equal, or, as we may say in this case,
equivalent.

If then between two pleasures the one produced by the possession
of money, the other not, a man had as lief enjoy the one as the other,
such pleasures are to be reputed equal. But the pleasure produced by the
possession of money, is as the quantity of money that produces it: money
is therefore the measure of this pleasure. But the other pleasure is equal
to this; the other pleasure therefore is as the money that produces this;
therefore money is also the measure of that other pleasure. It is the same
between pain and pain; as also between pain and pleasure.

. . . If then, speaking of the respective quantities of various pains
and pleasures and agreeing in the same propositions concerning them,
we would annex the same ideas to those propositions, that is, if we
would understand one another, we must make use of some common
measure. The only common measure the nature of things affords is
money.

I beg a truce here of our man of sentiment and feeling while from
necessity, and it is only from necessity, I speak and prompt mankind to
speak amercenary language. . . .Money is the instrument formeasuring the
quantity of pain or pleasure. Those who are not satisfied with the accuracy
of this instrument must find out some other that shall be more accurate, or
bid adieu to Politics and Morals.

(Quoted from Halévy 1995 [1901]: vol. I, pp. 410, 412, 414)

Bentham took money as a rough way of measuring happiness. But he
could not identify quantity of utility with quantity of money. He believed
in the diminishing marginal utility of money, that is, an increment of wealth
at a higher wealth level will produce a smaller increase in happiness than it
would at a lower level:

[The] quantity of happiness produced by a particle of wealth (each particle
being of the same magnitude) will be less and less at every particle; the
second will produce less than the first, the third than the second, and so on.

(Bentham 1843a: 229)
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for by high dozes of the exciting matter applied to the organ, its sensibility
is in a manner worn out.

(Bentham 1843b: 15)

The diminishing marginal utility of money was an important part of the
Utilitarian argument for social reforms.

If Bentham had read Daniel Bernoulli, and had thought that we could
take everyman’s utility to be well-approximated some specific function that
embodied the diminishingmarginal utility of wealth, hemight have pursued
this line as a justification of a more egalitarian society. He does not take this
step and there is no evidence that he had read Bernoulli.

Mitchell (1918) provides the following succinct summary of the legacy of
Bentham’s hedonic calculus.

The net resultant of all these reflections upon the felicific calculus collected
from Bentham’s books and papers might be put thus: (1) The intensity
of feelings cannot be measured at all; (2) even in the case of a single
subject, qualitatively unlike feelings cannot be compared except indirectly
through their pecuniary equivalents; (3) the assumption that equal sums
of money represent equal sums of pleasure is unsafe except in the case
of small quantities; (4) all attempts to compare the feelings of different
men involve an assumption contrary to fact. That is a critic’s version of
admissions wrung from Bentham’s text; a disciple’s version of his master’s
triumphs might run: (1) The felicific calculus attains a tolerable degree of
precision since all the dimensions of feeling save one [i.e., intensity] can
be measured; (2) the calculus can handle the most dissimilar feelings by
expressing them in terms of their monetary equivalents; (3) in the cases
which are important by virtue of their frequency, the pleasures produced
by two sums of money are as the sums producing them; (4) taken by and
large for scientific purposes men are comparable in feeling as in other
respects. . . . Heat these two versions in the fire of controversy and one has
the substantial content of much polemic since Bentham’s day.

(p. 172)

3.2 John Stuart Mill

John Stuart Mill was literally a second generation Utilitarian. His father,
James Mill, was Jeremy Bentham’s secretary and a prominent Utilitarian
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in his own right. Bentham assisted James Mill is raising him. His essay,
Utilitarianism, is perhaps the most read, and most commentated, exposition
of the doctrine. J. S. Mill is widely credited with introducing qualities of
pleasures into Utilitarianism whereas Bentham was supposed to hold that
only quantity of pleasure was important. Thus, for instance, in 1903 G. E.
Moore wrote: “It is well known that Bentham rested his case for Hedonism
on ‘quantity of pleasure’ alone.” Higher pleasures are supposed to be more
important than lower pleasures for J. S. Mill, while they were supposed to
count the same for Bentham.

So the story goes. Mill’s discussion has been criticized, but from our
perspective, we think for the wrong reasons. Here is what Mill says:

What do youmean by difference of quality in pleasures?What, according to
you, makes one pleasure more valuable than another, merely as a pleasure,
if not its being greater in amount?There is only one possible answer to this.

Pleasure P1 is more desirable than pleasure P2 if: all or almost all
people who have had experience of both give a decided preference to P1,
irrespective of any feeling that they ought to prefer it.

If those who are competently acquainted with both these pleasures place
P1 so far above P2 that they prefer it even when they know that a greater
amount of discontent will come with it, and wouldn’t give it up in exchange
for any quantity of P2 that they are capable of having, we are justified in
ascribing to P1 a superiority in quality that so greatly outweighs quantity
as to make quantity comparatively negligible.

(Utilitarianism Ch 2)

What does thismean? Some have takenMill to be saying that pleasures are
lexicographically ordered, such that any small amount of a higher pleasure,
such as doing philosophy, outweighs any amount of a lower pleasure. If so,
we should expect Socrates to have been a teetotaler and celibate, although the
opposite seems to have been the case. Most scholars consider this position
to be too ridiculous to attribute to Mill.

The last quoted clause from Mill offers some escape, “a superiority in
quality that so greatly outweighs quantity as to make quantity comparatively
negligible.” This suggests a tradeoff between the higher pleasure on its scale
with the lower pleasure on its scale to put them on the same overall pleasure
scale, where the tradeoff favors the higher pleasures.Mill’s talk of quality then
comes down to saying that there are different dimensions of quantity and
they need to be combined in one quantitative dimension. We do not see this
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as incompatible with Bentham. Bentham certainlywas sensitive to the higher
pleasures. And Bentham suggests a way to combine different dimensions of
pleasure into one overall quantity. It is hard to see what Mill added other
than, as Bain (1882) says, two or three pages of eloquent prose.⁴

There is another strand of Mill’s thought that plays an important, though
negative, role in the development of earlyUtilitarianism. In 1848, John Stuart
Mill wrote a book onpolitical economy that became a leading text in the field.
Here hemight have been expected to introduce theUtilitarian theory of value
into economics. He did not make this contribution, but instead stuck with
the labor theory of value, inherited from Adam Smith and David Ricardo.
The introduction of utility into the economic theory of market behavior fell
to William Stanley Jevons.

In the Preface to his 1871 book,Theory of Political Economy,⁵ Jevonsmakes
the break with tradition clear.

The contents of the following pages can hardly meet with ready acceptance
among thosewho regard the Science of Political Economy as having already
acquired a nearly perfect form. I believe it is generally supposed that Adam
Smith laid the foundations of this science; that Malthus, Anderson, and
Senior added important doctrines; that Ricardo systematised the whole;
and, finally, thatMr. J. S.Mill filled in the details and completely expounded
this branch of knowledge. Mr. Mill appears to have had a similar notion;
for he distinctly asserts that there was nothing; in the Laws of Value which
remained for himself or any futurewriter to clear up. Doubtless it is difficult
to help feeling that opinions adopted and confirmed by such eminent
men have much weight of probability in their favour. Yet, in the other
sciences this weight of authority has not been allowed to restrict the free
examination of new opinions and theories; and it has often been ultimately
proved that authority was on the wrong side.

⁴ To make sense of the standard story, one might say that Bentham thought that one JND
of a higher pleasure counts as much in computing overall quantity of pleasure as one JND of a
lower pleasure, while Mill thinks that one JND of of the higher pleasure counts as many JND of
a lower pleasure. The problem with this reading is that neither Mill nor Bentham says what is
required. We will revisit this issue when we come to Edgeworth, who does equate JNDs.

⁵ Quotations below from the 1888 edition.
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3.3 William Stanley Jevons

Jevons founded exchange value of a good, not on the labor it contained,
but on utility functions of agents doing the exchange. A unit of a good
generally became less valuable the more you had; this is declining marginal
utility of the good. Producing a good generally has increasing marginal
disutility. Market equilibrium could be determined by marginal utilities. All
this is spelled out mathematically by use of the differential calculus, bringing
economics closer to physics. Marginal utility is just the first derivative of the
utility function. These ideas were the core of what is called the marginal rev-
olution. Jevons fired an opening shot in England, simultaneously with Carl
Menger in Vienna and Leon Walras in Lausanne. It is clear that Bentham’s
discrete particles of utility are out of the picture.Utility has to be a continuous
magnitude, like length, volume, or mass.

Jevons was interested in market behavior. Regarding the meaningfulness
of the Utilitarian Sum total of happiness, he was publicly as skeptical as
Bentham was in private.

The reader will find, again, that there is never, in any single instance, an
attempt made to compare the amount of feeling in one mind with that in
another. I see no means by which such comparison can he accomplished.
The susceptibility of one mind may, for what we know, be a thousand
times greater than that of another. But, provided that the susceptibility was
different in a like ratio in all directions, we should never be able to discover
the difference. Every mind is thus inscrutable to every other mind, and no
common denominator of feeling seems to be possible.

(1888 [1871]: 14)

This did not bother Jevons. He wanted to make economics a science, not
ethics. Utilitarian ethics is thrown out the window. Pleasure and pain stand
behind the utility attached to goods, as manifest in market behavior. There
should then be away ofmeasuring pleasure andpain, and away of translating
this quantity into the utility function used in marginal economics. How-
ever, Jevons is also a skeptic about the measuring pleasure and pain in an
individual.

I hesitate to say that men will ever have the means of measuring directly
the feelings of the human heart. A unit of pleasure or of pain is difficult
even to conceive; but it is the amount of these feelings which is continually



OUP CORRECTED PROOF – FINAL, 29/6/2020, SPi

24 the pursuit of happiness

prompting us to buying and selling, borrowing and lending, labouring and
resting, producing and consuming; and it is from the quantitative effects of
the feelings that we must estimate their comparative amounts.

(p. 11)

This seems to leave Jevons’ continuous, differentiable exchange utility
functions without any foundation. The difficulty did not escape Jevon’s
critics. Consider the following from an anonymous (1871) review of Jevons
(1871), that is rather pointedly quoted by Edgeworth:

We can tell that one pleasure is greater than another; but that does not
help us. To apply themathematical methods, pleasuremust be in some way
capable of numerical expression; we must be able to say, for example, that
the pleasure of eating a beefsteak is to the pleasure of drinking a glass of
beer as five to four. The words convey no particular meaning to us; and
Mr. Jevons, instead of helping us, seems to shirk the question. We must
remind him that, in order to fit a subject for mathematical inquiry, it is not
sufficient to represent some of the quantities concerned by letters.

(Anon. 1871)

Jevons tries to defend himself against such criticisms by pointing out
that indirect measurement is possible in physics. But his ideas for indirect
measurement seem circular on their face. Utility functions for goods are
determined by pleasures and pains, and pleasures and pains are measured
by utility functions for goods. Jevons says many things, but in fact has no
real answer to these questions. What he did was to postulate differentiable
utility functions, and then apply the calculus to develop a theory of market
behavior.

3.4 Francis Ysidro Edgeworth

Francis Ysidro Edgeworth in his 1881Mathematical Psychicswas amarginal-
ist who aimed to fill the gaps in Jevons’ account by using the methods of
psychophysics. He was familiar with the psychophysics of Weber, Fechner,
and Wundt that we will visit Chapter 4. He solves the problems of intraper-
sonal and interpersonal comparisons of utility at a stroke—all just noticeable
differences in utility are equal. This not only provides a foundation for
individual choice behavior, but also gives meaning to the Utilitarian Sum
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of happiness. Edgeworth does not shrink from making ethical recommen-
dation for society on this basis.

He maintained that utility consisted of three comparable dimensions. On
pages 7 and 8 he writes the following, with his footnotes enclosed within
brackets:

Utility, as Professor Jevons says, has two dimensions, intensity and time.
The unit in each dimension is the just perceivable [Wundt, Physiologi-
cal Psychology] increment. The implied equation to each other of each
minimum sensible is a first principle incapable of proof. It resembles the
equation to each other of undistinguishable events or cases [Laplace, Essai–
Probabilities, p. 7] which constitutes the first principle of the mathemat-
ical calculus of belief. It is doubtless a principle acquired in the course
of evolution. The implied equatability of time intensity units, irrespective
of distance in time and kind of pleasure, is still imperfectly evolved. Such
is the unit of economical calculus.

For moral calculus a further dimension is required; to compare the
happiness of one person with the happiness of another, and generally the
happiness of groups of different members and different average happiness.

Such comparison can no longer be shirked, if there is to be any system-
atic morality at all. It is postulated by distributive justice. It is postulated
by the population question—that horizon in which every moral prospect
terminates—which is presented to the far-seeing at every turn, on the most
sacred and the most trivial occasions. You cannot spend sixpence utilitari-
anly, without having considered whether your action tends to increase the
comfort of a limited number, or numbers with limited comfort; without
having compared such alternative utilities.

In virtue of what unit is such comparison possible? It is here submitted:
Any individual experiencing a unit of pleasure-intensity during a unit of
time is to “count for one.” [In the Pure, for a fraction, in the Impure,
imperfectly evolved, Utilitarianism.] Utility, then, has three dimensions;
a mass of utility, “lot of pleasure,” is greater than another when it has
more intensity-time-number units. The third dimension is doubtless an
evolutional acquisition; and is still far from perfectly evolved.

Looking back at our triple scale, we find no peculiar difficulty about
the third dimension. It is an affair of census. The second dimension is an
affair of clockwork; assuming that the distinction here touched, between
subjective and objective measure of time, is of minor importance. But the
first dimension, wherewe leave the safe ground of the objective, equating to
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unity each minimum sensible, presents indeed peculiar difficulties. Atoms
of pleasure are not easy to distinguish and discern; more continuous than
sand, more discrete than liquid; as it were nuclei of the just-perceivable,
embedded in circumambient semi-consciousness. We cannot count the
golden sands of life; we cannot number the “innumerable smiles” of seas of
love; but we seem to be capable of observing that there is here a greater,
there a less, multitude of pleasure-units, mass of happiness; and that is
enough.

And in his 1879 Mind article:

AXIOM.—Pleasure is measurable, and all pleasures are commensurable;
so much of one sort of pleasure felt by one sentient being equateable to so
much of other sorts of pleasure felt by other sentients.

(p. 396)

He again cites the psychophysics of Wilhelm Wundt’s Principles of Physiolog-
ical Psychology in support.

From its beginning in 1860 until present, such measurement had many
critics. Is the postulation of equality a moral axiom, or a matter of conven-
tion,⁶ or an empirical question? The empirical research on the matter is so
far is consistent with Edgeworth’s view that the equality of JNDs is incapable
of proof. Some, however, consider such equality an empirical matter. For
example, in a review of psychophysical research Teghtsoonian (2012) writes
the following about cross-modal equal JNDS:

What is being assumed is that a JND defined on one of those [physical]
continua will be matched by a JND on the other. Indeed, it is an empirical
question that, to my knowledge, has yet to be tested.

(p. 170)

Since Edgeworth’s Axiom applies to interpersonal comparisons (which
Edgeworth calls “moral calculus”) as well as intrapersonal comparisons
(which he calls economic calculus), we might expect his social philosophy
to be highly egalitarian, like that of Bentham. Such is not the case:

⁶ A criticism of equal sized JND by the nineteenth-century physiologist, Johannes von Kries,
that still holds up today is presented in Section 4.5.
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Yet in the minds of many good men among the moderns and the wisest
of the ancients, there appears a deeper sentiment in favor of aristocratical
privilege—the privilege of man above brute, of civilized above savage, of
birth, of talent, and of the male sex.

(Edgeworth 1879: 405–6)

This is justified by differences in discrimination and, thus, counting just
noticeable differences as equal, in capacity for pleasure.

He assumes the existence of individual differences in the capacity for
pleasure:

An individual has greater capacity for happiness than another when for the
same amount whatsoever ofmeans he obtains a greater amount of pleasure,
and also for the same increment (to the same amount) whatsoever ofmeans
a greater increment of pleasure.

(Edgeworth 1879: 395)

Capacity, however, is not weakly ordered: Person A may enjoy amount a
from commodity X more than person B, but person B may enjoy a different
amount b more than person A. It is however transitive. Edgeworth theorizes
that people with greater capacity for happiness will tend to labor harder,
because their marginal returns for a given amount diminishes less; thus
those with greater capacity for happiness tend to be richer than those with
lesser capacity. Since the Utilitarian imperative is to pile up the most units of
pleasure for society, the rich should indeed have more goods than the poor.
Likewise, he thinks thatmen are supposed to havemore capacity for pleasure
that women. He quotes the following from Tennyson:

Woman is the lesser man
and thy passions match’d with mine,
are as moonlight unto sunlight
and as water unto wine.

In the same way he explains racism and colonialism. English upper-class
whitemales are supposed to havemore JND and thus should getmore goods.

He stops short of categorically endorsing these suppositions. As Edge-
worth notes, these judgments are empirical. They are open to refutation by
future psychophysics. If future measurement of atoms of pleasure should
show women to have a capacity equal to that of men, of Irish to be equal to
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English, of Untouchables to be equal to Brahmins, these judgements would
stand refuted. Edgeworth might be shocked to see that today the wine critic
for the Financial Times is a woman.

There is a tension, indeed an equivocation, in Edgeworth’s discussion of
the “golden sands of life.” Are they finite atoms that can be counted, at least
in principle, for the Utilitarian Sum of happiness, or infinitesimals, as used
intuitively in the calculus? He moves back and forth between both.

When doing economics, Edgeworth treats utility of a good as a continu-
ous, function of the quantity of that good, and is comfortable using the first
and second derivatives of that function:

The rate of increase of pleasure decreases as its means increase. The
postulate asserts that the second differential of pleasure with regard to
means is continually negative. It does not assert that the first differential
is continually positive. It is supposable (though not probable) that means
increased beyond a certain point increase only pain.

(Edgeworth 1979: 397)

Wewill see in Chapter 4 that the final sentence is again a reference toWundt’s
psychophysics of pleasure.

Edgeworth uses this machinery of the calculus to create a theory of indif-
ference curves. An indifference curve between two goods shows different
combinations of goods with the same utility. Diminishing marginal utility
tells us something about the shape of the curves. They allow an analysis of
market behavior. Aswewill see in Chapter 5, a later generation of economists
reinterpreted Edgeworth’s theory in terms of a thinner conception of utility.
But at this point in its development, Utilitarianism sees its foundations as
being in psychology, and specifically in psychophysics. We turn to early
psychophysics in Chapter 4.
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Nineteenth-Century Psychophysics

Psychophysics was born in the nineteenth-century with investigations of
Ernst Weber, Wilhelm Fechner, and Wilhelm Wundt. They succeeded one
another in that order, at the University of Leipzig. Weber was a physiologist;
Fechner initially a physicist; Wundt a philosopher and psychologist.The dis-
cipline of psychophysics was aimed at discovering quantitative laws linking
the psychological and physical realms. In particular, laws weremeant to con-
nect physical intensities of stimulus to the resulting psychological intensities
of sensation. Utilitarians, such as Edgeworth, saw a direct application of this
conceptual framework and its methodology to Utility.

4.1 Weber, Fechner, and Just Noticeable Differences

Weber conducted experiments on perception of weight, temperature,
and pressure. The unit by which sensations were measured were JND, as
Bentham had proposed. Fechner, inspired by Weber’s work, developed
psychophysics as a discipline. He invented the name and wrote a
massive two-volume work laying out the field. Fechner had philosophical
motivations. He believed that mind and matter were common aspects of one
underlying reality, a view with close connections to that of Spinoza. External
psychophysics, in his terminology, was to examine the effect of external
stimuli on sensation. Internal psychophysics was to examine the relation of
sensations to states of the brain. Volume 1 of his work dealt with external
psychophysics—our concern here—volume 2 with internal psychophysics.
Fechner did not have enough neurobiology for volume 2 to amount to
much, but we today have more with extensive continuing developments. We
will look at some things that are known about neurobiology of pleasure in
Part II of this book. Fechner, like Bentham, had a view of pleasure and pain
as driving action. In 1848 he published an essay on the Pleasure Principle
(Lustprintzp) that influenced Sigmund Freud and other prominent thinkers
of the early twentieth century.

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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Fechner’s external psychophysics was founded on a measurement theory
using the same basic idea as Bentham of smallest perceivable stimulus.
The simplest psychophysical stimuli and the easiest to experiment on were
physical intensities. Much of early psychophysics focused on the following
question: How is the perceived subjective intensity 𝜓(x) of a physical stim-
ulus x related to its physical measurement 𝜙(x)? Psychophysics assumed
that there was a function F relating the two. Formally, F is said to be a
psychophysical function on the domain X if and only if for each physical
measurement of 𝜙(x) for x in X, there is a subjective intensity measurement
𝜓(x) such that

𝜓(x) = F[𝜙(x)].

Characterization of F produces what is known as a psychophysical law.
Are individual judgments about JND reproducible? The facts are not

so simple. So an issue with this as a scientific definition is how to define
and collect data about “barely perceivably more intense.” The route that
nineteenth-century psychologists took was to present a subject with two
stimuli on the same sensory dimension and ask her to choose the one that
was subjectively more intense. For example, for the dimension of physical
intensities of lights of a particular wavelength, this amounted to asking the
subject to choose the brighter of two lights.The subject was required tomake
a choice, even if she could not “perceive any difference in them”; that is, even
if she has to do it by guessing. The trick for experimental psychology was to
present the two stimuli x and y many times and record the number of times
y was chosen over x. If y was chosen at least 75 percent of the time, then y
was said to be 1 JND above x, or “y is 1 JND more intense x.” This use of a
probability in the definition of JND converts Bentham’s scientifically vague
concept into a straightforward scientific one, allowing for statistical testing
and concepts of error. Each dimension was assumed to have an item z of 0
physical intensity. An item a that was 1 JND above zwas said to be at absolute
threshold. Note that Bentham’s “a barely perceptual pleasure” is a similar but
different concept. His concept is phenomenological. It is about a single item in
consciousness. Absolute threshold, as defined here, is behavioral. It is about
a particular percentage of “Yes” responses about a repeatedly presented item.

In his famous work Elemente der Psychophysik (Fechner 1860), Elemente
for short, which today is considered as the foundational publication for the
creation of the fields of experimental psychology andpsychophysics, Fechner
concluded that F had to be a logarithmic function. In the literature, F = log
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is usually called the Weber-Fechner Law. We will just call it Fechner’s Law.
Unlike the impression one is likely to get from introduction to psychology
textbooks, various philosophical discussions involving JNDs and Fechner’s
Law, and even textbooks on psychophysics, Fechner’s derivations of his Law
did not use JNDs or assume results of Weber.1 This section uses Fechner’s
theory of subjective intensity as it appeared in chapter 17 of his Elemente.
In Elemente, Fechner uses this theory to derive his law from theoretical
assumptions about subjective differences. This derivation is consistent with
the methods employed in modern psychophysics.2 Later, he cites Weber’s
investigations as providing empirical support for this law. Utilitarians saw
Weber and Fechner as providing indirect support for their doctrine of
diminishing marginal utility of goods.

4.2 Bernoulli’s Utility Law

A logarithmic law relating money to utility appeared prior to Fechner in
the 1731 work of the mathematician Daniel Bernoulli. In formulating his
law, Bernoulli developed a concept of “utility” that was different from
Bentham’s. His main aim was to use his law to solve a probability puzzle
proposed by his cousin the mathematician Nikolaus Bernoulli. Bernoulli’s
Law was apparently known by Fechner prior to his own discovery of his
psychophysical law.3

The scientific study of determining the expected values of games of chance
started with the mathematicians Fermat and Pascal around 1650. It quickly
became extended to determining value of all sorts of monetary dominated
prospects. In 1713, Nikolaus Bernoulli challenged the foundations of this
emerging field by proposing a problem that today is known as the St Peters-
burg Paradox. It concerns the following prospect.

1 For a discussion of this misrepresentation of Fechner’s ideas, see page 2 of Colonius and
Dzhafarov (2011).

2 We provide a technical discussion in Appendix 4.1.
3 Baird and Noma (1978: 15) write,

We see that Fechner had little hope of measuring M [brain activity] and W [sensa-
tion] directly, and therefore themapping between themwas similarly out of scientific
reach. How, then, did he decide upon a particular mapping. We can never know the
actual conditions leading to the the proposed [log] mapping. We do know, however,
that he [Fechner] was familiar with the work of the mathematicians Bernoulli,
Laplace, and Poisson, who proposed that the utility of an increase in personal wealth
was a function of the amount one already had.
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A player may flip a fair coin until heads appears. If this is on the first flip,
then the player is paid 2 ducats; if on the second flip, then paid 4 ducats; if
on the third flip, 8 ducats; if on the fourth flip, 16 ducats, and so on. What
would a player pay to play this game? Its expected value is,

2 ⋅ 1
2 + 4 ⋅ 1

4 + 8 ⋅ 1
8 + . . . = ∞.

Looking at a particular value gives a clue: If a player paid 100 ducats and
heads cameup in the first six flips, then the playerwould still be at a loss.Most
players wouldn’t like this kind of risk. Being in a situation like this where
there is an infinite expected value but be willing to pay only a small amount
to play, is called the St Petersburg Paradox. Daniel Bernoulli’s solution to the
paradox was to distinguish between (monetary) value and utility:

Somehow a very poor fellow obtains a lottery ticket that will yield with
equal probability either nothing or twenty thousand ducats. Will this man
evaluate his chance of winning at ten thousand ducats? Would he not be
ill-advised to sell this lottery ticket for nine thousand ducats? To me it
seems that the answer is in the negative. On the other hand I am inclined
to believe that a rich man would be ill-advised to refuse to buy the lottery
ticket for nine thousand ducats. If I am not wrong then it seems clear that
all men cannot use the same rule to evaluate the gamble. . . . But anyone
who considers the problem with perspicacity and interest will ascertain
that the concept of value which we have used in this rule may be defined
in a way which renders the entire procedure universally acceptable without
reservation. To do this the determination of the value of an item must not
be based on its price, but rather on the utility it yields. The price of the
item is dependent only on the thing itself and is equal for everyone; the
utility, however, is dependent on the particular circumstances of the person
making the estimate. Thus there is no doubt that a gain of one thousand
ducats is more significant to a pauper than to a rich man though both gain
the same amount.

(Bernoulli 1954: 24)

With these ideas there are many utility functions of money that pro-
vide solutions to the St Petersburg Paradox. For example, prior to Daniel
Bernoulli’s paper—and apparently unknown to him while he was working
out his theory—Gabriel Cramer suggested using the square root of ducats
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as a utility function for solving the paradox. Cramer’s reason was similar to
Bernoulli’s: In a 1728 letter to Nicolas, Cramer writes,

You ask for an explanation of the discrepancy between the mathematical
calculation and the vulgar evaluation . . . in their theory, mathematicians
evaluate money in proportion to its quantity while, in practice, people with
common sense evaluate money in proportion to the utility they can obtain
from it.

Bernoulli thought that the logarithm was the natural choice because, “it
is highly probable that any increase in wealth, no matter how insignificant,
will always result in an increase in utility which is inversely proportionate to
the quantity of goods already possessed.” From this he shows it follows that
utility of a quantity of ducats is a logarithm of that quantity. A proof is given
in Appendix 4.2.

By a “quantity of goods,” he means “to connote food, clothing, all things
which add to the conveniences of life, and even to luxury—anything that can
contribute to the adequate satisfaction of any sort ofwant.” By amathematical
argument he shows that his inverse proportionality rule relates utility and
wealth by the following:

utility = log(wealth)

By both Cramer’s and Bernoulli’s proposals, the value of the game is finite.
The value of game depends on the initial wealth of the player. In the relevant
range, the two suggested Utility functions are qualitatively similar. Utility
increases with wealth, but withmore andmore wealth, it increases evermore
slowly.

4.3 Wundt on Psychophysics of Pleasure

Weber and Fechner studied the psychophysics of many sensations, but not
the sensations of pleasures.Wundt, third in the lineage of psychophysicists at
Leipzig, did. One might expect the shape of Weber-Fechner psychophysical
law might generalize to pleasure; that pleasure would continue to increase,
but increase ever more slowly, in response to increased stimulus intensity.
Wundt (1874) however found a different kind of psychophysical function.
Very low levels of sensory stimulation of a pleasant stimulus produced
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no increase in pleasantness. Beyond a point, however, further increases
in sensory stimulus produced increases in perceived pleasantness, until a
maximum pleasure was reached. Further increases beyond the intensity
that produced maximum pleasure led to monotonic declines in perceived
pleasure, all the way down to yielding increasingly painful experiences. This
resulted an inverted U-shaped pattern for pleasure stimulus intensity. Today,
this type of pattern is called the Wundt Curve.

Although Wundt’s inverted U-shaped pleasure function conflicts with the
kind of shape given by the log or power law psychophysical functions, it
fits perfectly well into Utilitarian theory, as Edgeworth noted. It obeys the
Law of Diminishing Returns, and indeed accentuates its consequences. If
there is a point beyond which increasing the quantity of physical stimu-
lus actually decreases pleasure, and if there are a limited number of rel-
evant stimuli, then there is even less justification for great inequalities of
wealth.

4.4 Plateau’s Power Law

The Belgian physicist Joseph Plateau (1872) presented a mathematical argu-
ment and preliminary data. His method of derivation and experimental
approach were general and applied to other psychophysical situations. It
was based on using a functional equation to capture an invariance that
was inherent in many psychophysical settings. While Fechner’s functional
equation expresses a constant relationship between physical ratios and psy-
chological differences, Plateau’s expresses a constant relationship between
physical ratios and psychological ratios. Plateau (1872) writes,

Fechner’s formula leads to this consequence that, when the overall illumi-
nation increases, the differences in sensation remain constant; it seemed to
me more rational, in order to explain the invariance of the general effect
of the picture, to postulate a priori the constancy of the ratios and not the
differences of the sensations.

(pp. 382–3; and trans. in Falmagne 1985: 318; emphasis added)

Pleateau’s experimental task consisted of providing eight artists with two
disks—one painted black and the other white—with the instruction to paint
a gray diskmidway between them.This is a directmeasurement task, because
the subjects had to produce a stimulus that was subjectively half way between
two other stimuli in terms of grayness. The eight midway disks returned
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to Plateau were almost identical, despite presumed illumination differences
under which they were painted. Plateau assumed that each artist mixed his
paint so that the ratio of the subjective intensity of white to the painted gray
equaled the subjective intensity of painted gray to black. Consider the black
and white disks as extreme examples of gray ones and assume a similar result
would hold for any pair of gray disks A and Z of gray disks presented for
judgment. Then the equation

𝜓(A)
𝜓(M) =

𝜓(M)
𝜓(Z)

results, where where M is the midway disk painted by the artist and 𝜓 is
the function that measures the artist’s subjective intensity of grayness. It is
a known physical fact that the ratios of the usual physical measurements 𝜙
of the light for such disks do not vary with illumination. Because of this,
Plateau reasoned that such ratios would be the same in each artist’s studio.
Combining this with his experimental results, Plateau concluded that the
following law held for all gray disks A and Z,

Preserved Midway Ratio Law: 𝜙(A)
𝜙(M) =

𝜙(M)
𝜙(Z) iff 𝜓(A)

𝜓(M) =
𝜓(M)
𝜓(Z) , 4.1

whereM is the gray disk producedmidway between A and Z, 𝜙measures the
physical intensity of grays, and 𝜓 measures subjective grayness. The func-
tional equation solution to Equation 4.1 is the Psychophysical Power Law,

𝜓 = r𝜙s

for some positive r and s. Cramer’s alternative to Bernoulli for the utility
on money is a special case. In the twentieth century, the psychologist S. S.
Stevens was to again propose a power law as the general psychophysical law.

Because it was based on direct measurement, simply asking subjects to
produce the mid-point, Fechner did not accept Plateau’s Power Law. He
thought such an approach to measurement was unscientific. Plateau’s mea-
surement procedure had little impact on nineteenth-century psychophysics
and utility theory. In the mid-twentieth-century psychophysics, new direct
methods for obtaining psychophysical laws were promoted. This led to a
debate as to which described human psychophysical subjective intensities
better, Fechner’s Law or the Power Law. The debate continues still today.
Stevens theory of measurement is discussed in Section 10.3 and the Power
Law in Section 4.4.
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4.5 Von Kries

Thenineteenth-century physiological psychologist JohannesAdolf vonKries
raised a number of objections to Fechner’s approach to JND measurement
and his psychophysical law.The objectionmost relevant for later parts of this
book are his concerns about Fechner’s method depending on a convention.
This is made explicit in the following quotation from Von Kries (1995
[1882]):

From these considerations it follows that the whole debate over laws of cor-
relation between sensations and stimuli is a totally senseless debate.We can
fix a convention such that all just-noticeable increments in sensation from
a single series of intensities are to be considered equal. Having done so, we
can represent a number of observed facts in what we attribute to sensation
an increment proportional to the logarithm of the stimuli. But this law
means nothing at all without that convention, as we have seen. And with
the convention this law means nothing but the observed facts. We can just
as well establish the convention that those increments in sensation should
be considered equal which correspond to equal increments in stimulation.
Thenwe can represent the same set of facts that the stronger a sensation, the
greater the just-noticeable difference. One schema is nomore accurate than
the other. The only difference between them is a question of usefulness.
It is blatantly obvious how this puts our position in stark contrast to the
received reading. For Fechner and for everyone else (Note 2)⁴ who has
worked in his tradition since, the problem has been one of discovering
‘the correct standard of measure’ for the intensity of sensation. What does
that mean? The very task of measuring spatial magnitudes presupposes

⁴ Note 2:
Zeller’s (1881) recent article is also directed against the performance of actual mea-
surements. It leaves unmentionedwhat Imust take to be the core of thewholematter.
When Zeller (1881, p. 9) says ‘that psychological processes are not measurable in the
same sense asmagnitudes of space and time, because they have no invariant standard
ofmeasure . . . ’, then it is evident he considers a situation similar to that which would
hold for space if there were no rigid bodies. To this onemight justifiably counter that
in the domain of sensations we could produce at least close or approximate values
that might serve as such ‘invariant standards of measurement’. Nor am I ready to
concede that psychological processes may be unmeasurable because appearances in
consciousness can only ever be compared with appearances in consciousness. No
form of measurement does anything else, but to establish the relations of like with
like. So we measure space only by space, and time only by time. Compare Wundt’s
(1883, pp. 253–254) comments on the subject, which I endorse wholeheartedly.
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that one has a clear idea what it should mean that spatial magnitudes
may be congruent. Yet the execution of specific operations of measurement
is tied to the existence of bodies which have the property that they can
move freely in space without change of form. At least these operations
depend on the property in this much: they are enormously facilitated by
it, and perhaps without such bodies these operations would be impossible.
Let us imagine there were only a very few such bodies. Clearly then our
execution of operations of measurement in space would depend on our
ability to recognized and use those few bodies. Whoever had discovered
the first of these bodies would be justified in saying: until now we could
not have measured spatial extent, for want of an appropriate standard; now
we have found the standard which permits us to do so. This is the sense
in which Fechner thought he had revealed the just-noticeable difference as
the ‘true’ standard of measure for the intensity of sensation. In contrast,
our discussion has shown that we are really dealing with an arbitrary
convention about relations of magnitudes—which can be expedient or
inexpedient, but which cannot be right or wrong.

(trans. K. K. Niall; Niall, 1995: 292–3)

WeagreewithVonKries that the equality of JNDs is based on a convention
of measurement and is not a fact about the world.The empirical facts may be
given a representation based on the convention of equal JNDs, but they may
also be given alternative representations based on alternative conventions
that make JNDs unequal. This is made clear in the modern Representational
Theory of Measurement, which we discuss in Section 11.7. Within the Rep-
resentational Theory, the measurement of fundamental physical attributes
such as length, time, and mass also have such a conventional aspect.⁵

⁵ This is because of the qualitative axiomatizations of JND structures described in section 11.2
of Luce (1956) and Narens (1994). They have algebraic characterizations at the same level as
the physical measurement of length, and their individual units (e.g., a unit of one JND) can
be “freely moved about” a quality through their individual transformation groups. Space and
time discussed in the quotation and its footnote are not needed for such “free movements,”
even for the measurement of physical qualities. These are formally captured by actions of the
transformation groups on the ordered qualities.
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4.6 Peirce and Jastrow

In 1884, the American philosopher Charles Sanders Peirce and his stu-
dent Joseph Jastrow, who went on to become a distinguished experimental
psychologist,⁶ performed psychophysical experiments on the perception of
pressure at Johns Hopkins University. The results, published the following
year in the Proceedings of the National Academy of Sciences, showed that, in a
sense, the notion of a JND (Unterschiedsschwelle) as found in Fechner, does
not exist:

The tables show that the numbers of errors follow, as far as we can conve-
niently trace them, the numbers assigned by the probability curve,[7] and
therefore destroy all presumption in favor of an Unterschiedsschwelle. The
introduction and retention of this false notion can only confuse thought,
while the conception of the mathematician must exercise a favorable
influence on psychological experimentation.

It must have struck our reader that using .75 probability to define a JND is
arbitrary. Using .6 would define a smaller difference. And so, in theory would
.51. Fechner saw this, and saw a strict JND, as we shall call it, as one in which
the subject would report a stimulus increment as having a greater effectmore
than half the time. He believed that there would be a threshold below which
an increment in physical stimulus would produce no deviation at all from
50/50 psychological responses.

Peirce and Jastrow advanced the hypothesis that differences in perception
vary smoothly with differences in stimulus, with zero difference in percep-
tion occurring only at zero difference in stimulus. The probabilistic nature
of expressed judgments was the result of noise in the system, distributed
according to the usual error law. To test this hypothesis, they required a
subject who reported zero difference between two stimuli to guess which
is the greater. Probability of guessing that a stimulus was higher tracked
the amount that it was indeed higher, even when subjects did not a report
a difference but only “guessed.” The 50/50 probability that would indicate
a strict JND for Fechner occurred only with equality of physical stimulus.

⁶ One of Jastrow’s later interests was the psychology of the illusions used by professional
magicians. We recommend “The Psychology of Deception” (1888) and “Psychological Notes
on Slight of Hand Experiments” (1896), both available online. He is also the originator of the
Duck-Rabbit illusion.
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They concluded that non-zero strict JNDs simply do not exist. Some kind
of perception below the level of consciousness was operating. This sort of
subliminal experience became a focus of Jastrow’s subsequent research. If
we translate this to Utilitarianism, it seems to call for subliminal pleasures
and pains. Psychophysics had now moved quite a distance from Bentham’s
“atoms of pleasure.”⁷

4.7 Conclusion

When we reach Edgeworth, Utilitarians know about psychophysics and
see it as a foundation for social and economic policy. They plausibly saw
determination of the shape of utility functions as relevant to determin-
ing which social institutions tend to maximize the total utility of citizens.
Psychophysics, however, presupposes an answer to the problem of how
to measure subjective intensity rather than providing one. For the most
part, nineteenth-century psychology solved this problem in just the way
that Bentham had suggested, by using just noticeable differences. Actually
applying the technique uncovered difficulties, prompted refinements, led
to criticism, and opened the way for more sophisticated approaches of the
subsequent century. JNDs turn out to have a statistical character, rather than
an absolute one. Questions are raised about the postulation of the equality of
these JNDs, even for one person on one dimension. Subliminal sensations of
pleasure and pain as latent variables seemhard to avoid.⁸Does psychophysics
help with interpersonal comparisons? The pleasure I get from cream in my

⁷ Contemporary psychophysics has moved even further. Fechner’s Law has been generalized
to the following, where stimulus b is of greater physical intensity of a:

General Psychophysical Law: ℙa,b = F[𝜓(𝜙(b)) − 𝜓(𝜙(a))] ,
where ℙa,b is the probability that b is judged more intense than a, 𝜙(x) measures x physically,
𝜓(𝜙(x)) is the psychological intensity of x, and F is a function relating the difference of the
psychological intensities𝜓(𝜙(b))−𝜓(𝜙(a)) toℙa,b. In gathering data,ℙ and𝜙 are observable.
The problem then is to provide a theory and methodology that allow F and 𝜓 to be estimated
from data up to appropriate scale transformations. There are many theories and methodologies
for accomplishing this (e.g., see Thurstone 1927; Falmagne 1985; Suppes et al. 1990: ch. 17).
What they have in common is that they make assumptions about how the distribution of the
observed values of 𝜓(𝜙(a)) for repeated presentations of 𝜙(a) and the distribution of the
observed values of 𝜓(𝜙(b)) for repeated presentations of 𝜙(b) are related.

⁸ In the twentieth century, generalizations with more scientific rigor and wider applicability
became available (e.g., Thurstone’s Law of Comparative Judgment, Luce’s Choice Axiom,
Signal Detection Theory) and became competitors. From its inception until now, Fechner’s
psychophysical theory, methodology, and the ideas behind them attracted much praise and
criticism. This was anticipated by Fechner. He wrote,
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coffee and the pleasure that you get from milk in your tea may both follow
Wundt Curves, but this does nothing to put both pleasures on a common
scale.

Appendix 4.1. Fechner’s Law

Fechner’s psychophysics concerns the relationships between the physical
environment N, brain activity produced by environmental stimulation, M,
and the sensation (conscious perception) W that accompanied N and M.
Baird and Noma (1978) write,

Of the three possible pairings, the mapping between brain activity and
conscious sensation was the most critical. Fechner termed the theoretical
study of this relationship “inner psychophysics.” Unfortunately, as so often
happens in science, this most crucial relationship proved to be inacces-
sible to direct observation. Therefore, one could only speculate about
the exact properties of inner psychophysics, and this created a seemingly
insurmountable barrier. To avoid this barrier, Fechner hypothesized that
measured brain and subjective perception were simply alternative ways of
viewing the same phenomena. One realm of the universe did not depend
on the other in a cause-and-effect fashion; rather, they accompanied each
other and were complementary in the information conveyed about the
universe.

(p. 12)

in his search for a mathematical relationship between M and W, Fechner
assumed that sensation could be measured (theoretically) and properly
located along an internal scale. The function relating values of physical
and psychic magnitude represents the psychophysical transformation. The
general form of this transformationwas thought to be the same for all phys-
ical attributes (lights, sounds, lengths, smells). In effect, the idea was that
conscious experience is unitary, can be ordered along an intensity scale,
and bears a constant relation (except for changes in stimulus parameters)
to both internal brain processes and external conditions giving rise to those
processes. Hence a pluralistic, materialistic environment is mapped into a

The Tower of Babel was never finished because the workers could not reach an
understanding on how they should build it; my psychophysical edifice will stand
because the workers will never agree on how to tear it down. (Fechner 1887: 215)
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unitary scale of conscious sensation. Although some mechanism must also
be provided in this scheme for recognizing qualitative differences among
attributes, this difficulty did not receive much attention from Fechner and
consequently played no role in his further development of a quantitative
mapping between M and W.

(p. 14)

Although the relation between the internal events M and W was the object
of attention, it was clear that this relation could not be verified by direct
measurement. Therefore, an alternative approach was necessary. It was
possible, of course, to obtain a direct measure of N, the environmental
stimulus. This, then, was a starting point, although there was no hope of
measuring the brain processes triggered by N.That left W. If somemeasure
of W were possible, however indirect, the relation between N and W could
probably be determined. Fechner called the experimental quest for this
relation “outer psychophysics.”

(p. 17)

There are several approaches for deriving Fechner’s Law. We will follow
a modern reconstruction by Dzhafarov and Colonius 2011 of an approach
by Fechner in volume 2 of Elemente. Volume 2 has not been translated into
English, and many of its ideas has been ignored in the English literature.
The basic idea of the reconstruction is to define a function F and a ternary
relation 𝛿 on the physical measurements of N in a manner such that F maps
each physical measurement 𝜙(x) onto the sensory impression 𝜓(x) of x,
and 𝛿[𝜙(y), 𝜙(x)] maps the ratio of physical measurements 𝜙(y)

𝜙(x)
onto the

difference 𝜓(y) − 𝜓(x) of the measurements 𝜓(y) and 𝜓(x) of the sensory
impressions of x and y. A rule, called the W-Principle relating F and 𝛿 then
gives Fechner’s Law.

The reconstruction begins with defining for a physical dimension its
absolute threshold as the lowest level of the physical stimulus that is detectable
by the subject. The absolute threshold is denoted by the symbol o. It is the
same as the concept of absolute threshold defined previously. The concept
of difference sensation is formulated in volume 2 of Elemente. Dzhafarov and
Colonius 2011 define it as follows:

The sensation of difference between two stimuli is the same as the incre-
ment in sensation magnitude from the lesser to the greater of the two
stimuli (cf. Elemente, p. 85 of vol. 2).

(p. 3)
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This difference, 𝛿, is assumed by Fechner to have the following four proper-
ties for the physicalmeasurements𝜙(a),𝜙(b), and𝜙(c) of the physical stimuli
a, b, c such that 𝜙(a) ≤ 𝜙(b) ≤ 𝜙(c):

(1) 𝛿[𝜙(a), 𝜙(b)] = 0 iff 𝜙(a) = 𝜙(b).
(2) 𝛿[𝜙(a), 𝜙(b)] = 𝛿[𝜙(b), 𝜙(a)].
(3) 𝛿[𝜙(a), 𝜙(c)] = 𝛿[𝜙(a), 𝜙(b]) + 𝛿[𝜙(b), 𝜙(c)].
(4) The W-Principle, defined below.

Dzhafarov and Colonius, (2011: p. 4), says the following about (3): “This
additivity property is central for Fechner’s theory, as he repeatedly states
when discussing the notion of measurement (e.g., Elemente, pp. 56, 60 of
vol. 1, and Chapter 20 in vol. 2).”

W-Principle: There exists a non-negative function F such that for all physical
measurements 𝜙(o) ≤ 𝜙(a) ≤ 𝜙(b) from a dimension,

𝛿[𝜙(a), 𝜙(b)] = F (𝜙(a)𝜙(b)) . 4.2

Equation 4.2 together with

𝛿[𝜙(a), 𝜙(c)] = 𝛿[𝜙(a), 𝜙(b)] + 𝛿[𝜙(b), 𝜙(c)]

yields the functional equation,

F (𝜙(b)𝜙(a)) + F ( 𝜙(c)𝜙(b)) = F ( 𝜙(c)𝜙(a)) . 4.3

Bywell-known techniques involving functional equations that were available
to Fechner, the solutions to Equation 4.3 yield non-negative F and positive k
such that

Fechner’s Law: F(x) = k log(x), for 1 ≤ x . 4.4

Then Equations 4.2 and 4.3 yield,

Fechner’s difference formula: 𝛿[𝜙(a), 𝜙(b)] = k log (𝜙(b)𝜙(a)) . 4.5
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(1) to (4) above are theoretical assumptions about properties of the
psychophysical function. Fechner’s Law, Equation 4.4, is a conclusion drawn
from these properties. Although theoretical and about subjective phenom-
ena, it is refutable. In particular a famous empirically derived law of Fechner’s
teacher, the physiologist Ernst Weber (1840), Weber’s Law, is a consequence
of Fechner’s Law applied to Weber’s empirical setting, and thus the holding
Weber’s Law provides empirical support for Fechner’s theory.

Weber’s Law is about JND: It says that there exists a non-negative function
F and a positive constant c such that for all physical measurements 𝜙 on a
dimension, if 𝜙(o) ≤ 𝜙(a) < 𝜙(b), where o is absolute threshold and b is
just-noticeably different from a, that is, b is 1 JND from a, then

Weber’s Law: 𝜙(b)
𝜙(a) = 1 + c, 4.6

where c is Weber’s constant given by the formula,

𝜙(b) − 𝜙(a)
𝜙(b) = c.

The proof is as follows: Assume Fechner’s difference formula and Weber’s
Law. Then, on the sensation difference measurement representation 𝛿, it
follows from Equation 4.5 that the difference of 1 JND has constant value
k log(1 + c) everywhere on the δ representation.

The following is a useful general definition of representing a dimension
by JNDs: We say that a function 𝜃 on the reals is a JND representation of size
d if and only if there exists a positive real number d such that for all a on the
dimension of stimuli,

𝜃[𝜙(a)] − 𝜙(a) = d.

In this case, d is said to be “1 JND.”
The foregoing showed that Fechner’s difference formula and Weber’s Law

implied a JND representation of size k log(1+ c), where c is Weber’s constant
and k is a positive real. However, a JND representation for a situation
satisfying Weber’s Law is not sufficient for having the Fechner difference
formula hold.⁹

⁹ Representations other than𝜃 having exactly the same JNDstructure as𝜃 can be constructed
from 𝜃 as follows: Let g be any strictly monotonic function from absolute threshold 𝜙(o)
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Appendix 4.2. Comparison of Fechner’s and
Bernoulli’s Approaches

Both Bernoulli and Fechner derive logarithmic laws from phenomena that
have similar underlying mathematical structure. The derivation of Bernoulli
used the idea that the utility u for each small increment d(W) of wealth from
the amount of W was constantly proportional to W. The is reminiscent of
Weber’s Law, but is different from it, because d(x) exists for all small x. The
proportionality rule gives rise to the differential equation,

du
dx

= r
W(x) , 4.7

r a positive constant. The solution to Equation 4.7 is

u = a logarithmic function.

The reconstruction of Fechner presented above used the functional equation,

F (𝜙(b)𝜙(a)) + F ( 𝜙(c)𝜙(b)) = F ( 𝜙(c)𝜙(a)) , 4.8

to derive that Fwas a logarithmic function. Differential and functional equa-
tions play an important role in behavioral science. Differential equations
have more of a role in economics than in psychophysics. They are useful for
formulating mathematical theory, but less so in the design of experiments.
They are not directly testable because such tests would require comparing
stimuli that are arbitrary close to one another, and “arbitrary close” is not
empirically achievable. Functional equations can lead to direct empirical
tests.

As mentioned previously, Fechner had another derivation of his law. This
derivation is based on a differential equation that had the samemathematical
form as Bernoulli’s, as presented in Equation 4.7. He arrived at this by going
from small differences to differentials. Luce and Edwards (1958) write,

to 𝜃[𝜙(o)] such that g[𝜙(o)] = 𝜙(o), g(𝜃[𝜙(o)]) = 𝜃[𝜙(o)], and for x in the interval
(𝜙[o], 𝜃[𝜙(o)]), g(x) ≠ x. For each integer n, if y is in the interval [n ⋅ 𝜙(o), n ⋅ 𝜃(𝜙(o)],
let 𝜍(y) = ng(x), where x − n is in the interval [𝜙(o), 𝜃[𝜙(o)]]. Then 𝜍 is another JND
representation that is different from 𝜃 but agrees everywhere with 𝜃 on JND differences.
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How did Fechner make this step from differences (deltas) to differentials?
He used what he called a “mathematical auxiliary principle,” the essence
of which is that what is true for differences as small as jnd’s ought also to
be true for all smaller differences and so true in the limit as they approach
zero (differentials). If this argument were acceptable (which it is not), the
rest would be simple. Equation [Equation 4.7], when integrated, yields the
familiar logarithmic relationship between sensation and stimulus which is
known as Fechner’s law.

(p. 225)

Fechner’s Law plus Weber’s Law implies a JND representation of size
log(1 + c), where c is Weber’s constant. Thus Fechner’s Law plus Weber’s
Law implies a representation in which all JNDs are the same size. The
converse, having a representation in which all JNDs are the same size plus
Weber’s Law does not imply Fechner’s Law, as was shown in footnote 9. A
general characterization of JND representations using functional equations
is described in Luce and Edwards (1958).



OUP CORRECTED PROOF – FINAL, 29/6/2020, SPi

5
Measurement Essentials in a Nutshell

Measurement is concerned with how numbers enter into science. For the
next few chapters, we only need two essential concepts of measurement
theory. These are scale types and correlative meaningfulness. We discuss
general measurement issues more fully later, in Chapters 10 and 11.

In science, we study various empirical operations and relations between
objects. Sometimes it is useful to map objects in the world onto numbers,
such that mathematical operations and relations between the numbers mir-
ror the empirical operations and relations. This is just what measurement,
in the most general sense, is. But numbers have lots of structure, some are
prime, some are cube roots of others, and so on . . . Some of the structure
will be superfluous to the task of mirroring an empirical structure. In other
words, alternative mappings of objects to numbers may do the job just as
well. Three children go to a playground, sit on a seesaw, and lift their feet.
Nancy always goes up. Gordo always goes down. Rebecca goes down against
Nancy but up against Gordo. This little experiment gives us an empirical
ordering: ⟨Gordo, Rebecca, Nancy⟩. We can represent this order by mapping
into numbers and using the numerical order to represent the empirical order.
This can done equally well in many ways, with the numbers being assigned
to Gordo, Rebecca, Nancy being respectively ⟨4, 3, 2⟩, or ⟨34, 21, 13⟩, or
⟨11, 7, 5⟩, or ⟨100, 99, 1⟩.

An important concept we use through this book is “weak order.” It
describes attributes whose elements can be ordered on a line, but allowing
for multiple elements to occupy the same position. We say a precedes b if a
comes before b on the line, in symbols, a ≺ b; a is equivalent to b if they
occupy the same position on the line, in symbols, a ∼ b; and a succeeds b if
a comes after b on the line, in symbols, a ≻ b.Then, for every two elements a
and b of the attribute, either a precedes b or a is equivalent to b or a succeeds
b. An example of aweak order is the attribute ofweight. It can be thought of as
being on a line. Let M stand for Mary and J for John. Then it is a prototypical
property of weight that either Mary weighs less than John, or Mary and John
have the same weight, or Mary weighs more than John; in symbols,

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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M ≺ J or M ∼ J or M ≻ J .

We use the notation M ≾ J to say “Mary’s weight is less than or is the same
as John’s.” If all that matters is the order, transforming one scale that does the
job to any that preserves the order (a monotonic transformation) gives an
assignment that does the job equally as well.

We define scale types by the kind of transformations on the numbers that
do the job as representing the empirical structure just as well. Here the scale
type was ordinal.

A range of different scales of measurement, reflecting more or less empir-
ical content, are possible. For instance, one can think of temperature scales
before and after the establishment of an absolute zero. Before, it was an
interval scale—that is, its scale consisted of all transformations of the form
x → rx+s, with r positive and s real, of any of its representations, for example,
the Centigrade representation. After, it became a ratio scale—that is, its
scale family consisted of all transformations of the form x→ rx, r positive,
of any one of its representations, for example, the Kelvin representation.
More empirical structure corresponds to smaller classes of transformations
preserving it. The smallest class consists of the identity transformation, and
its scale type is said to be absolute. The largest ordered class consists of all
strictly increasing transformations is called an ordinal scale.

To summarize, the most important scales to appear in science consist of
scales types with the following transformations:

• ordinal scales: x → f(x), f a strictly increasing function,
• interval scales: x → rx + s, r positive, s real,
• ratio scales:1 x → rx, r positive,
• absolute scales: x → x.

Meaningful numerical properties, or statistics, or judgments are those that
remain invariant over the appropriate class of scale transformations. It would
be meaningless to compare the average weights of boys and girls in the
playground if all we had was an ordinal scale. It is meaningful to say that
the temperature today is 10 percent higher today than yesterday if we are
measuring temperature on a ratio scale (Kelvin), but it is meaningless if we

1 There are various kinds of ratio scales depending on whether there are 0 or negative
elements. Some ratio scales are onto the positive real numbers, others onto all reals, and others
onto the non-negative reals.
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are just dealing with an interval scale, because then Fahrenheit and Celsius
are equally good.

It is evidently of some importance that in discussing Utilitarian issues one
needs to be clear about the sort of scale on which utilities are supposed to
be measured. Some philosophers are not so careful about this. For instance,
popular “counterexamples” to Utilitarianism such as Robert Nozick’s “Utility
Monster” and Derek Parfit’s “Repugnant Conclusion” implicitly make strong
assumptions about utility scales. We will discuss these later.
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6
Skeptics

Recall the anonymous critic of Jevons, quoted by Edgeworth:

We can tell that one pleasure is greater than another; but that does not
help us. To apply themathematical methods, pleasuremust be in some way
capable of numerical expression; we must be able to say, for example, that
the pleasure of eating a beefsteak is to the pleasure of drinking a glass of
beer as five to four.

The critic is demanding that utility be measured on a ratio scale. It must be
meaningful to say that one pleasure is to another in the ratio five to four.This
is what was meant by “cardinal utility” in the nineteenth century.

6.1 Skeptics

Although some Utilitarians thought that measurement on a ratio scale could
be achieved by techniques of psychophysics, there were skeptics who did
not have so much faith in psychological science. The skeptics, including the
anonymous critic of Jevons, thought that ordering of pleasures and pains was
a far as utility measurement could go. Utility could, at best, be measured on
an ordinal scale. Eventually it became clear that much of extant economic
theory required no more than an ordinal theory, and many economists
eschewed old-fashioned Utilitarianism as unscientific. The unscientific ele-
ments to be discarded apparently included the rationale for social reform that
had animated early Utilitarianism. Their passing was regarded with various
degrees of wistfulness and attempted rationalization. This was the ordinal
revolution in economics. The possibility of measurement between ordinal
and ratio scales was really not in the conceptual space of theoreticians at the
time.

This is not to say that participants in the ordinal revolution were all the
same.The evolution of views of utility from nineteenth-century Cardinalism
toOrdinalism, and the varieties ofOrdinalism that resulted iswell-illustrated

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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by the Austrian school of economics, centered at the University of Vienna.
The Austrian school of economics shared both time and place with the
Logical Empiricist school of philosophy—the “Vienna Circle.”1 The philoso-
phers wanted to make philosophy scientific; the economists wanted to make
economics scientific.

Scientific philosophy at the University of Vienna had actually been inau-
gurated by two physicists. In 1895, Ernst Mach was appointed Professor in
the History and Philosophy of the Inductive Sciences. When Mach retired
due to health issues in 1902, Ludwig Boltzmann lectured in physics and phi-
losophy until his death in 1906. Interest in scientific philosophy continued
at the university, and what is known as the Vienna Circle of philosophy
coalesced around Moritz Schlick, who joined the university in 1922. The
circle included physicists, mathematicians, philosophers, and social scien-
tists. Among the latter was Oskar Morgenstern, who later—at Princeton—
inauguratedmodern utility theory in collaborationwith John vonNeumann.

Morgenstern was an economist, and economists had their own circle,
which met regularly at the university. The Austrian school of economics was
founded in the 1870’s by Carl Menger. It continued with the University of
Vienna as its center until its members, like the philosophers of the Vienna
circle, were scattered with the rise of the Nazis.2

Menger did not discuss measurability of utility, but his work tacitly
assumed measurement on a classical cardinal scale, that is to say on a ratio
scale, just like length. His student, Böhm-Bawerk, however, explicitly argued
for measurability of utility, against the skeptical stance taken by a contempo-
rary German economist. The argument is that one must be able to measure
utilities on a ratio scale in order to choose. A boy faced with the choice of
eating an apple or six plumsmust ask whether the pleasure of eating an apple
is more or less than six times the pleasure of eating a plum.3 This argument
was decisively answered by his student, Ludwig von Mises, who held that
utility could not be measured, but could only be ordered. To decide, the boy
would not need to perform arithmetic on the utility of a plum, which in any
case, need not be constant. He need only order the utilities of (A) eating six
plums and (B) eating one apple. Ordering of alternatives is all that is needed
for choice.⁴

1 On the history of the Vienna circle, we highly recommend Karl Sigmund’s (2017) Exact
Thinking in Demented Times.

2 On the measurability of utility in the Austrian school, see Moscati 2015. Now superseded
by Moscati’s splendid book Measuring Utility (2018).

3 See Moscati (2018: 10).
⁴ Von Mises (1912).
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6.2 Indifference Curves

In fact, it slowly became clear that ordering was all that was needed for a
lot of existing economic theory. Equilibrium is a notion that only needs
ordering; no agent is better off by deviating.⁵ Indifference is a notion that
only depends on ordering. The indifference curve analysis that Edgeworth
(1888 [1881]) had developed in his Mathematical Psychics on the basis of
Bentham’s cardinal utility was redone using only ordinal utility by a series of
economists.

An indifference curve for Edgeworth was a way of visualizing tradeoffs
between goods for an individual. Points on the same curve represent bundles
of goods which, for the agent, have the same utility—see Figure 6.1.

The pivotal figure in the ordinal revolution was an Italian engineer, turned
economist in his 40s, Vilfredo Pareto. Pareto did not take utility of any kind
as a basic concept to explain behavior. Rather he built up his theory on “the
naked fact of choice.”⁶ Behavior was basic. Ordinal utility could be built up
from dispositions to choose. We see a radical shift, philosophically as well
as technically, from the psychological hedonism of the English Utilitarians.
Pareto, like theViennaCircle, was interested in bringing scientific rigor to his
discipline. Basing economics on introspective psychology was to be avoided.

The ordinal revolution was later solidified by two economists in England,
Hicks and Allen. Here is their assessment of Pareto’s pivotal work:

Of all Pareto’s contributions there is probably none that exceeds in impor-
tance his demonstration of the immeasurability of utility. To most earlier
writers, to Marshall, to Walras, to Edgeworth, utility had been a quantity
theoretically measurable; that is to say, a quantity which would be measur-
able if we had enough facts. Pareto definitely abandoned this, and replaced
the concept of utility by the concept of a scale of preferences.⁷

They emphasize that Pareto did more than simply postulate an ordinal scale,
he showed what could be done with it:

It is not always observed that this change in concepts was not merely
a change of view, a pure matter of methodology; it rested on a positive

⁵ Pointed out by Irving Fisher in (1982) “Mathematical Investigations into the Theory of
Price”.

⁶ Letter to Pantaleoni (1899), quoted in Pareto (2010).
⁷ Hicks and Allen (1934: 52).
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Table plotted as indifference curve

Apples Bananas

17

20

17

26

41

80

22

14

10

9

7

Apples

14
A

B
C

20 26 41 Bananas

IC 1

10

9

Example of choice of goods which give consumers the same utility

Figure 6.1 Indifference curve A. Assuming that more is better, we
get nested indifference curves. Diminishing marginal utility for each of
the goods gives the indifference curves a convex shape.

demonstration that the facts of observable conduct make a scale of pref-
erences capable of theoretical construction . . . but they do not enable us to
proceed from the scale of preference to a particular utility function.

6.3 Two Kinds of Ordinalism

By the end of the First World War, most economists had become Ordi-
nalists. But ordinalism could mean different things. Some of the Vienna
school, including Oscar Morgenstern, held that it was meaningful not only
to order utilities, but also differences in utilities.⁸ Taking the differences
very small and a little idealization kept ordering of marginal utilities as

⁸ Pareto thought the same.
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Apples

Bananas

14

13

12

11

Indifference curve map

Figure 6.2 Indifference curve B. We can also show different indifference
curves. All choices on 12 give the same utility. But, it will be a higher
net utility than indifference curve 11; 14 gives the highest net
utility. Basically, 14 would require higher income than 11.

Apples

A budget line shows the combination of goods that can be afforded with your current income.

Budget line

Budget line - income £40

- Apples - £1
- Bananas - £2

40

10 15 20
Bananas

20

10

Figure 6.3 Budget line. A budget line shows the combination of goods that can
be afforded with your current income. If an apple costs £1 and a banana £2, the
above budget line shows all the combinations of the goods which can be
bought with £40. For example: (i) 20 apples at £1 and 10 bananas at £2 versus
(ii) 10 apples at £1 and 15 bananas at £2.
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Apples

Optimal choice of goods for consumer

40

10 20

IC 1

IC 2

IC 3
B1

Bananas

20

Figure 6.4 Optimal choice of goods for consumer. Given a budget line
of B1, the consumer will maximize utility where the highest indifference
curve is tangential to the budget line (20 apples, 10 bananas). Given
current income, IC2 is unobtainable. IC3 is obtainable but gives less utility
than the higher IC1.

meaningful. They could be used to define equilibria. The hypothesis of
decreasing marginal utility could be used. This was, they thought, still just
ordering—not measuring—utility.

The magnitude of the step was not realized because they did not have
the benefit of the perspective of modern measurement theory. If only total
utilities can be ordered, then orderings on differences of utility are not
meaningful. If situation A is preferred to B, B to C, C to D, then the ordering
is preserved by giving them utilities respectively 4, 3, 2, 0, but the ordering
is equally well-preserved by assigning utilities 4, 2, 1, 0. If we ask how the
difference u(A) − u(B) compares with the difference u(C) − u(D), the two
assignments give different answers. The meaningfulness of ordering of
utility differences requires measuring utility on a stronger scale. How much
stronger?

6.3.1 Enter the Interval Scale: Franz Alt

Morgenstern felt that he did not know enough mathematics, and engaged a
young mathematician, Franz Alt, to tutor him.⁹ Through Morgenstern, Alt

⁹ See Moscati (2018).
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became interested in the measurement of utility, and in particular, in what
is required for the meaningful ordering of utility differences and transitions.
Alt published his conclusions in a short article in Morgenstern’s journal.1⁰
This paper has a remarkablymodern flavor. It begins with a precise statement
of what he meant by measurement, which is worth reproducing here:

When we say the utility of a commodity is “measurable” or “numeri-
cally representable” we mean that we can assign a real number to each
commodity and to each set of commodities, which is called the utility
of the commodity, respectively the set of commodities, in such a way
that this assignment is unique, except for the choice of origin and unit of
measurement.

(pp. 425–6)

Alt defines measurement not in the ratio scale sense current in the
nineteenth-century economics of Bentham and Edgeworth, but rather in
the sense of an interval scale. This is the type of scale that Von Neumann and
Morgenstern later developed using chance tomeasure utility. (We discuss the
VonNeumann-Morgenstern theory in Section 7.1.) Alt went on to prove that
if both total utility and utility differences could be ordered, if the orderings
were consistent with one another, and a few other conditions hold, then
utility is measurable on an interval scale.11 The importance of Alt’s theory
is that he showed that assumptions that were commonly used in practice by
some Ordinalists led to interval-scaled utility, and this made Morgenstern
aware that interval-scaled utility had a serious mathematical foundation.

1⁰ Alt (1971 [1936]: 425–31).
11 Alt wanted his assumptions to be simple and equivalent to the existence of interval-scale

utility for commodities. Besides standard assumptions about the divisibility of commodities
and topological convergence, he made behavioral assumptions about their exchangeability and
a theoretical assumption about the existence of an equally spaced sequence of commodities in
terms of their utilities. The exchangeability allowed a weak ordering to be constructed, that is,
commodity b is preferred to commodity a if and only if the person is willing to exchange a to get
b. It is the sequence of equally space commodities that drives the system to interval scalability.
This principle was not derived from behavioral axioms. Alt only noted that it was “frequently
accepted and even applied by opponents of measurability of utility.” This is the major weakness
of his theory. For the situation considered by Alt, behavioral axioms for the equal spacing of
commodities were presented about thirty years later by Luce and Tukey (1964), in their seminal
article on additive conjoint measurement (e.g., see Section 10.4 of this book) and were later
applied later for the measurement of the ordering of differences (e.g., see Krantz et al. 1971:
ch. 4).



OUP CORRECTED PROOF – FINAL, 29/6/2020, SPi

56 the pursuit of happiness

Economists now call it cardinal utility. Interval-scaled utility that was ordinal
utility in Vienna in 1936 became cardinal utility in Princeton in 1947.12

6.4 Orthodox Ordinalists

But before the Von Neumann-Morgenstern collaboration, Ordinalists, by
and large, abandoned ordering of utility differences. Hicks and Allen solid-
ified the reduction of standard economic theory to purely ordinal utility
measurement without any use of utility differences. Indifference need not
be based on utility measurement; it is a purely ordinal notion. Preference
is the ordinal notion that gives us higher and lower indifference curves.
Indifference curves cannot cross because that would violate the transitivity
of indifference.13 Convexity of indifference curves cannot be based on
diminishing marginal utility of each of the goods, because this makes no
sense on the purely ordinal view of utility. But it can be taken directly as
a fact about the preferences over bundles of goods. Indifference curves for
two agents can likewise be used to analyze barter. All that is required is a
preference ordering over bundles of goods for each of the agents.

6.5 Pareto Dominance

If diminishing marginal utility no longer makes sense, what is left of Util-
itarian ethics? Bentham based egalitarian social policies on the greatest
happiness principle together with diminishingmarginal utility ofmoney and
of the goods that money can buy. On the purely ordinal view of utility, only
a shadow of the greatest happiness principle remains meaningful. That is
Pareto optimality: Social state A Pareto dominates social state B, if at least
one member of society prefers A to B, and other members of society either
also prefer A to B or are indifferent between the two.

A state is Pareto optimal if no other state Pareto dominates it. Pareto
optimality is meaningful, since it only depends on individuals’ preference

12 Alternate versions interval cardinality not based on chance were later develop in the 1960s
bymeasurement theorists.They are discussed in Krantz et al. (1971: ch. 4).They are simpler and
more behavioral than Alt’s.

13 Transitivity of indifference and other ordering properties are questionable empirical
assumptions. Empirical intransitivity of indifferencewas later addressed byDuncan Luce (1956)
in his theory of semiorders, which is discussed in Chapter 11.
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orderings, but it provides rather weak guidance. If all we were to care about
is how many goats we own, then the state where you own all the goats would
Pareto optimal, as would be the state where I own them all. So would be the
state where we each own half, or when you own 2

3
of them and I own 1

3
. If it

is good to honor individuals’ preferences, and A Pareto dominates B, then A
is a better social state then B. But following one path of Pareto improvements
or another may lead a society to quite different places.

This can be illustrated using indifference curves in an ingenious setup
invented by Edgeworth, and utilized by Pareto and by subsequent genera-
tions of economists: the Edgeworth box. Consider two individuals engaged
in barter between two goods. There are fixed quantities of the two goods
available, with proportions of the total. The proportions of the two goods
held by Mary are graphed on the X and Y axes, respectively. Mary has
indifference curves as before. What is not held by Mary is held by Jane,
so flipping the origin from southwest to northeast gives the proportions
held by Jane. Jane has indifference curves as well. For Mary moving to new
indifference curves to the northeast is better; for Jane moving to indifference
curves to the southwest is preferred.

Holdings of Mary and Jane can thus be specified by a single point in
the box. Suppose that the initial holdings are specified by a point, and the
respective indifference curves through that point, are as shown in Figure 6.5.
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Figure 6.5 Edgeworth box.
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Then any point inside the lens-shaped area enclosed by the curves Pareto
dominates the initial point. Any such point makes both individuals
better off, according to their preferences. It is to their mutual advantage
to trade.

They may trade and still be in a similar situation, in which case they will
trade again. The only equilibrium is at a point where Mary’s indifference
curve just kisses that of Jane. Such a point is Pareto optimal, and neither
has any incentive to trade. But in the situation depicted, there is a whole line
of such Pareto optimal equilibria through the lens-shaped area, and which
point barter will lead to is indeterminate. This is illustrated in Figure 6.6
where a curve of points where indifference curves kiss is traced out.

This much reasoning about general welfare can be done with purely ordi-
nal utility using Pareto dominance. The extent to which this line of thought
generalizes is the subject of modern welfare economics. Equilibrium in trade
leading to a Pareto Optimal outcome is generalized to idealized exchange
economies. Given, we must emphasize, very considerable idealization, trade
leads to a Pareto optimal equilibrium and any Pareto optimal equilibrium
can be reached by trade starting from some initial endowment. Thus Pareto
optimality does little to solve the problems of social reform that motivated
the classical Utilitarians. Something more is required for Utilitarian ethics
to have much bite. Lionel Robbins (1938), a convinced skeptic about both
cardinal utility and interpersonal comparability, writes:
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Figure 6.6 Curve of mutual advantage.



OUP CORRECTED PROOF – FINAL, 29/6/2020, SPi

skeptics 59

Myown attitude to problems of political action has always been one of what
I might call provisional utilitarianism. . . . I have always felt that, as a first
approximation in handling questions relating to the lives and actions of
large masses of people, the approach which counts each man as one and,
on that assumption, asks which way lies the greatest happiness, is less likely
to lead one astray than any of the absolute systems. . . .

Would it not be better, I asked myself, quite frankly to acknowledge that
the postulate for equal satisfaction came from the outside, and that it rested
upon ethical principle rather than scientific demonstration, that it was not
judgment of fact in the scientific sense, but rather a judgment of value—
perhaps even, in the last analysis, an act of will?

1938: pp 635–7

Here we have a pragmatic ethical stance to a modified Utilitarianism, that
is a move away from Edgeworth and perhaps closer to Bentham. Equality
between individuals is a postulate, but it is an ethical postulate rather than
an empirical one. But exactly what units are postulated equal: JND or . . . ?
We are back to the measurement question.

Appendix 6.1. Revealed Preference

The Pareto program was pushed even further by the American economist
Paul Samuelson. Samuelson begins his 1938 paper by calling into question
the whole Utilitarian program of basing utility measurement on psychology:

The discrediting of utility as a psychological concept robbed it of its only
possible virtue as an explanation of human behavior . . . .

(p. 61)

He thought that postulation of a utility ordering was too far removed from
observable behavior:

Consistently applied, however, the modern criticism turns back on itself
and cuts deeply. For just as we do not claim to know by introspection the
behavior of utility, many will argue we cannot know the behavior of ratios
of marginal utilities, or of indifference directions.

(p. 61)
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The claim of not knowing utility preference orderings by introspection,
and arguing that they should instead be derived from observable behavior
is the program of “revealed preference” Samuelson inaugurated. It was
furthered by a whole string of researchers who followed him.

Here is the leading idea. An individual is presented with a set of alter-
natives and chooses some subset. If things work out, this is thought of as
an optimal subset, with members being preferred to non-members, and
indifference between members. An individual can make this choice for any
set with which she is presented. Given certain consistency conditions, these
choices generate an ordinal utility scale, such that individuals choose what
they prefer. (For more detail, see Appendix 6.2 for revealed preference.) The
consistency conditions themselves are empirical hypotheses. It is logically
possible for choice behavior to violate them, in which case ordinal utilities
would not exist. The theory should be applied where they are not violated.
This is close to Pareto’s goal of building the theory on the “naked fact of
choice.”

However, the theory requires many more choices than an individual in
real life actually gets to make. It is built on dispositions to choose rather
than actual choices. Is there a certain residue of psychology hidden behind
Samuelson’s appeal to actual choice behavior? One could answer by saying
that the actual choices that an individual does make, given consistency,
can be embedded in an ordinal utility function. The ordering represents
the choices. But the representing preference ordering is not uniquely deter-
mined. There is a class of preference orderings corresponding to actual
behavior. Here the data are just the naked fact of choices made. Of course,
it is still possible to make inductive inferences and predict the outcomes of
choice situations not already encountered.

From this point of view, economics has been purged of psychology. What
of ethics? From a revealed preference point of view, it is hard to see how
even Pareto dominance retains any bite. There is no underlying reality to the
preferences, they are just a bit of mathematics behind choice behavior. The
point has been made forcefully by Samuelson (1938):

In closing, I should like to state my personal opinion that nothing said here
in the field of consumers’ behavior affects in any way, or touches upon, at
any point the problemofwelfare economics, except in the sense of revealing
the confusion in the traditional theory of these distinct subjects.

(p. 71)
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Appendix 6.2. Revealed Preference Worked Out

Here is a simple sample.
We have a finite global set of alternatives. For some non-empty subsets,

Si, of the global set, the decision maker has a choice function f, which maps
Si onto a chosen subset f(Si). If an alternative, x, is in f(Si), we say that x is
chosen from Si. The first question that arises in whether the choices given by
the choice function can represented as coming from a preference ordering.
If so it is said to be rationalizable. Not every choice function is rationalizable.
For instance if a is chosen from {a, b}, b is chosen from {b, c}, and c is chosen
from {a, c} the choice function in question is not rationalizable.

A nice way to present conditions under which a choice function is ratio-
nalizable is due to the economist Amartya Sen (1971), who breaks an earlier
answer into pieces:

• 𝛼: If x is chosen from a set B, A is a subset of B and x is in A, then x is
chosen from A.

The thought is that if x is as good as anything in B it must be as good as
anything in A since everything in A is a subset of B.

• 𝛽: If x and y are both chosen from A, and A is a subset of B, and x is
chosen from B, then y is also chosen from B.

The thought is the if x and y are tied from being the best in A, and x is still
best in the larger set B, then y must still be tied with x for best in B. Should
the choice function always pick a singleton, 𝛽 is vacuously satisfied.

If a choice function satisfies 𝛼 and 𝛽, then it is rationalizable.
Let w ≾ z stand for “z is weakly preferred to w.” Then ≾ is defined as

follows:

• x ≾ x, and
• if x is chosen from the set {x, y}, then y ≾ x.

The key property that needs to be demonstrated is that ≾ is transitive.
Suppose not. Then there are x, y, and z such that x is chosen from {x, y}, y
is chosen from {y, z}, but x is not chosen from {x, z}. We are then led to ask
what is chosen from {x, y, z}. The reader can check that any answer violates
either 𝛼 or 𝛽.
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If a choice function is rationalizable, one may ask whether the preference
ordering that rationalizes it is uniquely determined. So far we have left open
the question: For which subsets of the global set is the choice function
defined? If it is defined for all subsets, then the ordering over the global set
that rationalizes the choice function is uniquely determined.

Conversely, you can verify that a complete preference ordering over the
global set of alternatives induces a choice function on all subsets that satisfies
Sen’s 𝛼 and 𝛽.

To the extent that 𝛼 and 𝛽 qualify as rationality principles, they justify the
term “rationalizable” as applied to choice functions. To the extent that they
hold empirically in some domain, they support the use of ordinal utilities in
modeling that domain.
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Using Chance to Measure Utility

7.1 Von Neumann-Morgenstern

“Posterity may regard this book as one of the great intellectual achievements
of the first half of the twentieth century.” That is how the mathematician
Arthur Copeland began his review of VonNeumann andMorgenstern’s 1944
Theory of Games and Economic Behavior. Copeland starts by discussing the
theory of utility measurement created in that book:

The authors observe that the give-and-take of business has many of the
aspects of a game and theymake an extensive study of the strategy of games
with this similarity in mind (hence the title of this book). In the game of
life, the stakes are not necessarilymonetary; theymay bemerely utilities. In
discussing utilities, the authors find it advisable to replace the questionable
marginal utility theory by a new theory which is more suitable to their
analysis. They note that in the game of life as well as in social games the
players are frequently called upon to choose between alternatives to which
probabilities rather than certainties are attached.

Morgenstern was an economist with strong philosophical interests. In
1928, he published a book on economic forecasting that made a distinction
between live and dead variables. Dead variables may be uncertain, but are
fixed—like the weather next year. Live variables come from the actions of
other economic agents that are also attempting to optimize. When a number
of live variables interact, we are in the realm of what later became called
the theory of games. Games of strategy are prime examples. Morgenstern
thought that optimization problems among live variables could be in prin-
ciple insoluble. What is optimal for A depends on what B does, and what
is optimal for B depends on what A does. In cases of diametrically opposed
interests, theremay be no solution that is optimal for both.Morgenstern used
as an illustration Sherlock Holmes and Dr Moriarty trying to outguess each
other. He concluded that in such cases, prediction of the behavior of opti-
mizing agents is impossible. This seemingly paradoxical result was repeated

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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in a paper of 1935, and discussed by philosophers in Moritz Schlick’s Vienna
Circle seminar, and economists in Karl Menger’s seminar at the University
of Vienna. In the latter meeting, a young mathematician told Morgenstern
that John von Neumann had discussed the same issue in a paper of 1928, the
same year as Morgenstern’s book.

This was Von Neumann’s first paper on the theory of games, in which he
proved his famous minimax theorem. This paper contained a solution to
Morgenstern’s paradox. In games of diametrically opposed interests, zero-
sum games, a combination of strategies where all players optimize against
the others does indeed exist, provided that players can use randomized
strategies rather than the deterministic strategies that were considered by
Morgenstern. There is therefore a reason intrinsic to the theory, to “choose
between alternatives to which probabilities rather than certainties are
attached.”

But despite this commonality of interest, the two did not meet in Europe.
Von Neumann had turned his attention to other things in mathematics,
Morgenstern to other things in economics. Hitler intervened. As a result of
the annexation of Austria by Nazi Germany, Von Neumann and Morgen-
stern both ended up at Princeton—Morgenstern in the economics depart-
ment of the university, Von Neumann at the Institute for Advanced Study.
Then met, became good friends, and decided to write a joint paper on the
theory of games. As they talked and worked together, the paper grew into a
very long paper, then a monograph, and eventually a book.

Optimization presupposes some quantity to optimize. Von Neumann
and Morgenstern needed numbers for their payoffs. Morgenstern recalls
discussing the question while on vacation with Von Neumann:

Among the things that came up very early was that we were in need of a
number for the pay-off matrices. We had the choice of merely putting in a
number, calling it money, and making money equal for both participants
and unrestrictedly transferable. I was not very happy about this, knowing
the importance of the utility concept, and I insisted that we do more. At
first, we were intending merely to postulate a numerical utility, but then I
said that, as I knew my fellow economists, they would find this impossible
to accept and old-fashioned.

(Morgenstern 1976: 805)

As we have seen in Chapter 5, the measurement of utility was indeed a
sensitive question for economists, and especially economists of the Austrian
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school. The dominant view was that utilities were only ordinally measur-
able. One could say one utility was greater than another, but not by how
much. Morgenstern himself was still regarded as in the ordinal camp.1 The
discussion of the nature of utility in economics had been on an informal,
philosophical plane. With Von Neumann that was not good enough. One
needed an axiomatic treatment of the utility concept to be used in game
theory. Morgenstern recounts:

. . . the construction of axioms for our expected utility came quite naturally.
I recall vividly how Johnny rose from our table when we had set down the
axioms and called out in astonishment: “Ja hat denndas niemand gesehen?”
(“But didn’t anyone see that?”).2

The natural idea was to use to use probability to measure utility. The
bridge between the two was the expectation principle: the value of a gamble
is the probability weighted average of payoffs. This had been used since
the birth of probability theory with the analysis of gambles by Cardano,
Galileo, Pascal, and Fermat. It was applied to gambles with non-monetary
outcomes by Cramer and Bernoulli in their analysis of the St Petersburg
game. This was well-known to Morgenstern through Karl Menger’s3 1934
paper on the subject.⁴ But we don’t know the values of the gambles, so how
canwe use them tomeasure the chances.The answer that VonNeumann and
Morgenstern came up with is a mix of cardinal and ordinal ideas.

The agent in question is assumed at the onset to have only ordinal utilities,
but they are utilities over gambles over the outcomes. That is, the agent has a
complete preference ordering over these gambles. If the preference ordering
meets some additional conditions, numerical utilities for the chances are
deduced.The starting ordering of gambles is then recovered as the numerical
order of their expected utilities.

Chance and the expectation principle are used to measure utility. What
kind of measurement is it? It is not cardinal measurement in the sense
supposed by the early Cardinalists of the Austrian school; it is not like the
measurement of length. Rather the utilities gotten by Von Neumann and
Morgensterm are unique only up to an arbitrary choice of zero and unit,

1 See Moscati (2015) for more detail.
2 Morgenstern (1976: 809).
3 Menger (1934). Karl Menger was the son of Carl Menger.
⁴ See Morgenstern (1976).
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like the choice of a temperature scale before the discovery of absolute zero.
Utilities are measured on an interval scale.

The numbers cannot be more constrained because the expectation principle
is being used to measure utilities. Multiply all utilities of all outcomes by a
positive constant and then add a constant, and you get the same ordering of
gambles by expected utility. So the scale of all expected utility representations
is an interval scale.

We pause in this exposition to emphasize two points. The first is, as
we have said, that the expectation principle is presupposed in the Von
Neumann-Morgenstern representation. Preferences over gambles are recov-
ered as numerical ordering of expected utilities. Any order-preserving trans-
formation of expected utilities of gambles would also preserve preferences.
So we could have all sorts of other representations of the preferences over
gambles.Wemay, however, have other reasons to hold fast to the expectation
principle—as early probabilists noted. On a long series of independent trials,
maximizing expectation on individual trials predicts maximum total payoff.
In this sense, maximizing expectation can be seen as a good rule. The
second is that the theorem does not preclude the possibility of extending the
measurement of utility on a scale having fewer representations, for example,
a ratio scale, by some supplemental means that goes beyond preferences.
But it calls into question the usefulness of any such extension. For if choice
is by maximizing expected utility, what behavioral consequences could the
stronger measurement have? We will give an answer to this question in our
chapter on convention. In cases of social interaction, what maximizes your
utility may depend onwhat I do, and whatmaximizesmy utility may depend
on what you do. In this case, stronger measurement of utility by a social
convention might support both mutual inference and maximization.

We now need to prove that there exists a utility assignment that does the
trick in the first place. We illustrate with a simplified version of the proof for
the case where there are only a finite number of possible outcomes.The agent
under consideration has preferences of all possible gambles, that is to say over
all possible probability assignments over possible outcomes. The preferences
of an ideal agent are assumed to satisfy:

(1) Ordering: For any two gambles, p and p′, either p is preferred to p′, or
p′ is preferred to p or the agent is indifferent between p and p′.
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(2) Continuity: If p is preferred to p′ and p′ is preferred to p″, then there is
a probability a such that the agent is indifferent between the gambles:

ap + (1 − a)p″ and p′ .

(3) Independence: p is preferred to p′ if and only if:

ap + (1 − a)p″ is preferred to ap′ + (1 − a)p″

for all a and all p″.

The ordering axiom says that the ideal agent has thought things through.
She is not simply befuddled, not knowing what to prefer or what to take as
of equal value. Continuity assumes that with all possible gambles in play, we
can narrow down a value gap to exactly match something of intermediate
value. Independence rests on the thought if we get p″ in each case, it cancels
out and preference must go by the preference of p over p′.

Given a preference ordering that satisfied these axioms, we construct a
utility. Assume we are not indifferent between all outcomes. Since we have a
finite number of outcomes, theremust be one (ormore)maximally preferred
ones, the Best. And there must be one or more minimally preferred one
(or ones), the Worst. We will say that Best have utility 1 and Worst have
utility zero. Gambles between Best andWorstwhich give probability p to Best
and 1 − p to Worst are, in accordance with the expectation principle, given
utility p.

How do we know that this is legitimate, that it is faithful to your prefer-
ences? For instance, how do we know that you really prefer Best to a non-
trivial gamble between Best andWorst: p⋅Best + (1− p)⋅Worst. Observe that
Best for sure is equivalent to p⋅(Best) + (1− p)⋅Best. Now, by independence:

p ⋅ Best + (1 − p) ⋅ Best

is preferred to

p ⋅ Best + (1 − p) ⋅Worst,

because the first term cancels out and Best is preferred to Worst. More
reasoning of this kind shows that our utility scale for these special gambles
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between Best andWorst faithfully reproduce the preferences over them with
which we started.

There may be many outcomes other than Best and Worst, and gambles
between all outcomes. The utility of any such gamble is assigned matching
it to one on the scale that we have just established, such that it is a matter
of indifference between this other gamble and the one already on our scale.
That there always is one is assured by continuity.

This also has to be proved to be faithful to the original preferences, with
higher utility numbers corresponding to preferred gambles. This is accom-
plished by repeated application of ordering, continuity, and independence.

After Theory of Games and Economic Behavior was published, this quickly
became the standard account of utility theory in economics. Von Neumann
was the foremost mathematician of the time; Morgenstern was an Austrian
economist identified with Ordinalism. The distinguished economist, Paul
Samuelson, initially objected to independence, but then became convinced
in correspondence with Savage that it was indeed a rationality axiom.⁵
Utility, as measured on an interval scale, was now widely regarded as legit-
imate. Economists now call this cardinal utility. But it is not the cardinal
utility of early Austrian economists, which required a ratio scale. Rather, it
corresponded to one version of Ordinalism, indeed that of Morgenstern.⁶
The revolution was not from ordinal to cardinal, but rather a conceptual rev-
olution that founded interval-scale utility on a rigorous mathematical basis.

Observe that the focus has now shifted from psychology to rationality.
The psychological plausibility of each of the three axioms listed above is
questionable. Individuals may be at a loss when called upon to order all
gambles among outcomes. Any sort of granularity of value, or JND, seems
to argue against continuity. An example of Maurice Allais shows that many
people violate independence. As a rationality principle independence has
also generated discussion, centered on examples of Maurice Allais and
Daniel Ellsberg. Alternative utility theories that violate independence have
been constructed. Von Neumann-Morgenstern, however, remains the stan-
dard theory in economics. Utility theory has now moved quite a distance
from the concerns of Bentham. It no longer makes any attempt to measure
the psychological sensation of pleasure.

In a note, Von Neumann and Morgenstern say that it would be possible
to develop a theory of subjective probability and utility. In his 1976 memoir,

⁵ See Moscati (2018), who quotes from letters between the two.
⁶ See the discussions of Morgenstern and Alt in Chapter 5.
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Morgenstern remarks that “this was done later by others.”⁷ In fact, it was done
earlier in a paper read to theMoral Sciences Club at Cambridge in 1926.This
is Frank Plumpton Ramsey’s “Truth and Probability.”⁸

7.2 Ramsey

Ramsey invented a subjective surrogate for the objective chances that Von
Neumann and Morgenstern used to scale utilities. The clever key idea is that
of an ethically neutral proposition. A proposition is ethically neutral for an
agent if, for every possible consequence, the agent is indifferent to having
the consequence if the proposition is true, and having the consequence if the
proposition is false. In a gamble, a result of a coin flip or a throw of the dice
is usually treated as ethically neutral. The gambler doesn’t care about heads
or tails itself; he cares about what he wins or loses.

Suppose I do prefer outcome A to outcome B, and suppose that I have an
ethically neutral proposition, H, such that I am indifferent between A if H, B
if not, and B if H, A if not. Then subjectively I am treating H as an ethically
neutral proposition with probability one-half. I have a subjective surrogate
for a fair coin flip. (A flip of a coin that the agent takes to be fair is a plausible
candidate.) Given a stock of such ethically neutral propositions, Ramsey is
able to measure utility much as Von Neumann and Morgenstern did later.

“Ja hat denn das niemand gesehen?” (“But didn’t anyone see that?”).
Ramsey did, but Ramsey’s great insight passed almost unnoticed until his
work was rediscovered by Savage. After Savage had completed his simulta-
neous derivation of subjective probability and utility,⁹ he decided to see what
philosophers had to say on the subject. He found Ramsey, the importance of
whom philosophers by and large had missed, and made his contributions
known:

Ramsey improves on Bernoulli in that he defines utility operationally
in terms of the behavior of a person constrained by certain postulates.
Ramsey’s essays, though nowmuch appreciated, seem to have had relatively
little influence.

(p. 96)

⁷ Morgenstern (1976: 810).
⁸ Ramsey (1926).
⁹ See Savage (1954).
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Let us sketch a little more about Ramsey that will connect with what fol-
lows. You might imagine that Ramsey would try to get a subjective surrogate
for a roulette wheel or wheel of fortune from ethically neutral propositions.
There would be N possible outcomes ordered by strict preference—each
strictly preferred to those below it. The subject would be indifferent between
the gamble that gives outcome 1 if ethically neutral proposition 1, 2 if
ethically neutral proposition 2, etc., and all gambles gotten from these by
permutation of outcomes. Then all the ethically neutral propositions would
have probability 1

N
. Ramsey does not do this, but proceeds only with fair

coins. Why this restriction? Ramsey wanted everything to be based on logic,
and indeed on truth functional logic. “The roulette wheel stops at 1” and
“The roulette wheel stops at 2” are mutually exclusive by supposition, or
perhaps by physics. Truth functional logic gives just the dichotomy “p is
true,” “p is false.” So Ramsey can find utility 1

2
in a gamble Best if Heads;

Worst if Not-Heads. Finding something indifferent to this, call it Medio, he
can find utility 3

4
and 1

4
on gambles Best if Heads, Medio if Not-Heads and

Medio if Heads, Worst if Not-Heads, respectively. Utilities are squeezed by
arbitrarily fine partitions. After getting the subjective utilities of everything,
he can use the expected utility principle to solve for subjective probabilities
of propositions that are not ethically neutral. A more detailed measurement-
theoretic approach toRamsey’s theory using a bisection operator is described
in Section 11.5
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Harsanyi and Utilitarianism

After Von Neumann and Morgenstern, economists were not confined to the
strict Ordinalism according to which utility levels could only be compared.
They could be measured on an interval scale. But this gave no comfort
for classical Utilitarianists. It is true that if everyone gives A higher utility
than B on one set of individual utility scales, then after arbitrary rescalings
they will continue to agree that A has higher utility than B. But if Joan
prefers A and John prefers B, one choice of scales will make the Utilitarian
Sum favor Joan and another will favor John. In general, the Utilitarian
Sum is not meaningful for Von Neumann-Morgenstern utility. As a result,
most economists dropped Utilitarianism from consideration while most
philosophers, in blissful ignorance, continued to assume that utilities could
just be measured like a person’s weight.

But in the 1950s, a brilliant, and highly original economist, JohnHarsanyi,
resurrected Utilitarianism on the basis of the very same Von Neumann-
Morgenstern utility theory. Harsanyi, like Von Neumann and Morgenstern,
was a refugee—first from theNazis and then from the communists. Harsanyi
fled with his family to Australia. He already had a doctorate in philosophy
and sociology from Budapest but this was not recognized in Australia, so
he took a factory job and earned an MA in economics. He then secured
a job teaching at the University of Queensland. He had already published
the papers we discuss here while in Australia. On a Rockefeller fellowship at
Stanford, Harsanyi took a second PhD in economics with Kenneth Arrow.
He spent the rest of his career at Berkeley. In 1995, he received the Nobel
Memorial Prize in Economic Science.

8.1 Ideal Observer and Social Aggregation

Harsanyi’s first Utilitarian paper, of 1953, used the leading idea of justice as
rational decision behind a veil of ignorance, somewhat before the philoso-
pher John Rawls (1958) used it in his famous “Justice as Fairness.” Harsanyi

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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was arguing that use of Von Neumann-Morgenstern utility theory was quite
compatible with the use of utility in thinking about social welfare, against an
influential paper that had maintained the opposite position. Harsanyi’s idea
was that while each individual might have her own preferences over prob-
ability distributions over social outcomes, she could also have empathetic
preferences which result from imagining herself to be someone else. So to
speak, she puts herself in someone else’s shoes. Formally, she has preferences
over lotteries over social outcome x, if she were individual i.

Justice is blind to special interest, so in judging the just society an individ-
ual retreats behind the veil of ignorance; she imagines that she has an equal
chance of being anymember of society. She gives amoral value to each social
possibility using the expected value of an equiprobable gamble over being
different individuals in that society.

The basic idea goes even further back to an earlier paper—then little-
known—of William Vickrey1 (1945):

If utility is defined as that quantity the mathematical expectation of which
is maximized by an individual making choices involving risk, then to
maximize the aggregate of such utility over the population is equivalent to
choosing that distribution of incomewhich such an individual would select
were he asked which of various variants of the economy he would like to
become a member of, assuming that once he selects a given economy with
a given distribution of income he has an equal chance of landing in the
shoes of each member of it. Unreal as this hypothetical choice may be, it at
least shows that there exists a reasonable conceptual relation between the
methods used to determine utility and the uses proposed to be made of it.

(p. 329)

This is a theory of justice based on rational choice behind the veil of
ignorance. Rational choice means maximizing expected utility. The veil of
ignorance means equal probability of being in anyone’s shoes. We assume
that the chooser knows Von Neumann-Morgenstern utilities for each mem-
ber of society.

Now the punch line is that if you judge justice this way, you must be a Utili-
tarian.This is now calledHarsanyi’s “Impartial ObserverTheorem.”Wework

1 Who received the Nobel Memorial Laureate in Economic Sciences in 1996.
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with a fixed population of sizeN. Justice utilities are expected utilities behind
the veil of ignorance with equal probability of being everyone.

• Justice utility: 1
N
U(1st) + 1

N
U(2nd) +⋯+ 1

N
U(Nth),

• Average utility: 1
N
[U(1st) + U(2nd) +⋯+ U(Nth)].

For a fixed population maximizing average utility is the same as maximizing
total utility. Justice is Utilitarian.

Here is an illustration. Zita contemplates two alternative social arrange-
ments:

(A) Monarch and nine serfs
(B) Ten communards

Consulting her empathetic preferences, she gives being the monarch under
arrangementA utility 11, and being a serf utility 1. She gives being a commu-
nard under arrangement B utility 3. Total utility under A is 20; total utility
under B is 30. If you have an equal chance of being anyone, arrangement B
is your best bet, with expected utility 3. Zita judges communism to be the
just arrangement. That being as it may, emerging from behind the veil she
prefers A, because she is the queen.

How has this argument sidestepped the roadblock of interpersonal com-
parison of utilities? It is simple. All these Von Neumann-Morgenstern utili-
ties are Zita’s, based on her own preferences. They are on the same scale. Her
empathetic preferences over gambles on being in another’s shoes do the trick.

This leads to the suspicion that the problem of interpersonal comparison
may be hiding somewhere else, waiting to reappear. Suppose that Lothar
approaches the same problem, with his own empathetic preferences. Lothar
gives being the monarch under A utility of 21 and being a serf utility of 1.
He gives being a communard under B a utility of 2. For Lothar, A is the
just arrangement. Emerging from behind the veil, however, Lothar prefers
B, since Lothar is a serf.

The point we are interested in here is not the very real issue of “who
cares about justice?,” but rather the logical point. Zita and Lothar both
have a justice-as-fairness conception of justice, and both have a Utilitarian
conception of justice, but they don’t agree on the just society. This is not
because their conceptions of justice are self-serving; we have chosen our
example so that they are not. Rather it is in the logic of the argument that
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justice as fairness must be Utilitarian, but since utilities are personal so are
judgments of social justice.

Harsanyi (1955) develops this neo-Utilitarian line of thought further. He
gets the Utilitarian conclusion for group utility without “justice as fairness.”
The veil of ignorance and the equal probabilities of turning out to be any
member of society are gone. Empathetic preferences are gone. The only
moral principle linking individual and societal preferences is the Pareto
principle.

This necessitates a little digression. There are various grades of Pareto
principle and corresponding versions of Harsanyi’s theorem. All of these link
the collective preference of society to the preferences of its individual mem-
bers. They represent what was left of Utilitarianism for a strict Ordinalist,
which is what Pareto was. The weakest version of the principal deals only
with indifference:

Weak pareto: If every member of society is indifferent between A and B,
then so is society.

If one goes this far, it is plausible to extend the unanimity rule to strict
inequality:

Pareto: Weak pareto + If every member of society strictly prefers A to B,
then so does society.

But if everyone is to have some respect, it seems plausible to go a little
further:

Strong pareto: Pareto + If some member of society strictly prefers A to
B, and no member prefers B to A, the society strictly prefers A to B.

So, for example, if just one member strictly prefers A and the rest of society
is indifferent, the society prefers A to B.

Harsanyi now supposes that each individual has preference orderings
over lotteries of social arrangements that satisfyVonNeumann-Morgenstern
axioms, and thus have corresponding Von Neumann-Morgenstern utilities.
He also assumes that society—imagine an ideal social planner—should
also have such coherent preferences. So society should have coherent Von
Neumann-Morgenstern utilities. How should they be linked, in a Utilitarian
fashion or some other way?
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Harsanyi (and, following him, others2) show the following theorems:

1. If society’s preferences satisfy Ultra-weak pareto then society’s utilities
are representable as a weighted sum of individual’s utilities.

2. If society’s preferences satisfy Weak pareto, then society’s utilities
are representable as a weighted sum of individual’s utilities, with the
weights all non-negative.

3. If society’s preferences satisfy Strong pareto, then society’s utilities
are representable as a weighted sum of individual’s utilities, with the
weights all positive.

Harsanyi, in his original paper proves Theorem 1, but this allows some
individuals to have a negative weight attached to their utilities. Theorem 2
precludes this, but allows some individuals to count for zero. Classical
Utilitarians said that everyone counts equally, and so would certainly insist
that everyone counts for something. The theorem that comes closest to
classical Utilitarianism is Theorem 3.

One might object, as some have, that the weights should all be equal. But
since the individuals’ utilities are only unique up to choices of zero and unit,
we canmake each of theweights equal to 1 by choosing the appropriate units.

Theorem 3 implies:

3′ If society’s preferences satisfy Strong pareto, then society’s utilities are
representable as a sum of individual’s utilities.

This indeed is the classical Utilitarian principle.This theorem (really group of
theorems) is now known as “Harsanyi’s AggregationTheorem” to distinguish
it from Harsanyi’s Impartial Observer Theorem.

The problem of interpersonal comparison, however, has not gone away.
For example, we can reconsider Zita and Lothar, but now concentrate on
their real personal preferences, not the ones behind the veil of ignorance.
There are only two social alternatives, monarchy and communism. Zita
prefers monarchy and Lothar prefers communism. Accordingly, on one
representation of her preferences, Zita gives utility 1 tomonarchy, utility 0 to
communism, and utility p to a lottery between the two that gives probability
p to monarchy. But we must bear in mind that these Von Neumann-

2 See Domotor (1979) and Weymark (1994).
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Morgenstern utilities are only unique up to zero and unit. Lothar has the
opposite preferences. On one representation, he gives communism utility 1
and monarchy utility 0.

If we add the utilities of Zita and Lothar from the foregoing scales, we
get a tie. Both monarchy and communism get a Utilitarian Sum utility of 1.
Now let’s transform Zita’s utilities by doubling them and subtracting 1 from
them.This is an equally good representation of her utilities according to Von
Neumann-Morgenstern. The Utilitarian calculation then looks like this:

Zita Lothar Utilitarian Sum
Monarchy 1 0 1

Communism –1 1 0

But if we leave Zita on her original utility scale and transform Lothar’s by
2x + 1, the Utilitarian Sum is 1 to 0 in favor of communism.

In fact, Harsanyi’s theorem has not really constrained the Utilitarian Sum
at all.This should hardly be surprising, because none of the Pareto principles
apply. It is not true that all members of society are indifferent between the
two options; it is not true that there is one option that each prefers; it is not
true that onemember is indifferent and the other has a preference.ThePareto
conditions of Harsanyi’s theorems are all satisfied vacuously. We are back in
all the problems of intercomparability. Put another way, having a Utilitarian
representation of societies does not, in itself, tell us verymuch. It seems quite
far from Bentham.

This minimalist Utilitarianism does not seem to give us much in the
way of positive social policy recommendations, although one might argue
that contemporary society is Pareto suboptimal, that there are changes that
could make everyone better off. On the other hand, minimal Utilitarianism
seems to offer very little with which critics of Utilitarianism can take issue.
One would need to object to either the assumptions of Von Neumann-
Morgenstern Utility theory for society or for the individuals that make it up,
or to the Pareto conditions. All these objections have been made. Individual
utilities are based on individual preferences, but do individuals have coher-
ent preferences and, if they do, do they really know what is good for them?
One might consider corrected preferences, from slight corrections—which
Harsanyi himself advocates—to a full-blown theory of the good.3 Diamond

3 Broome (1991), (2004).
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(1967) objected to the way that expected utility treats risky prospects at
the social level. Sen (1970) finds that the Pareto principle conflicts with
individual rights.

Although Harsanyi’s two theorems have a quite different philosophical
flavor, the first depending on the veil of ignorance, and the second only
on Pareto and expected utility theory, there is a connection. Notice that
the impartial observer of the first theorem cannot violate Strong pareto.
If arrangement A makes someone better off, and no one worst off, than
arrangement B, then the ideal observer considering an equiprobable gamble
between different persons, must give A higher expected utility than B.

8.2 Interpersonal Comparisons?

The previous section discussed minimal Utilitarianism, because that is all
you can get from the theorems by themselves. Harsanyi, however, was
not a minimal Utilitarian. He thought that interpersonal comparison of
utilities was possible, and section V of Harsanyi (1955) was devoted to
a searching discussion of these issues. He was well aware of the “ordinal
revolution” and of accompanying skepticism regarding interpersonal com-
parisons, and he wanted to combat this skepticism.Here is how he opens this
discussion:

There is no doubt about the fact that people do make, or at least attempt to
make, interpersonal comparisons of utility, both in the sense of comparing
different persons’ total satisfaction, and in the sense of comparing incre-
ments or decrements in different persons’ satisfaction. The problem is only
what logical basis, if any, there is for such comparisons.

(p. 316)

Thebeginningmay call tomind Russell’s (1912) discussion of the problem
of induction in chapter VI of The Problems of Philosophy:

We have therefore to distinguish the fact that past uniformities cause
expectations as to the future, from the question whether there is any
reasonable ground for giving weight to such expectations after the question
of their validity has been raised.

(ch. VI)



OUP CORRECTED PROOF – FINAL, 24/6/2020, SPi

78 the pursuit of happiness

We think that the similarity is intentional. Harsanyi read Russell. And
Russell here is discussing skepticism. But skepticism is easy, andwemust dis-
tinguish between doubts based on general skepticism and scientific doubts.

In fact, Harsanyi immediately moves to distinguish two problems of
interpersonal comparison “which have not, however, been sufficiently kept
apart,” the metaphysical problem and the psychological problem. Harsanyi
sees the metaphysical problem as just philosophical skepticism: Why should
we even believe that other people have minds? Both kinds of philosophical
skepticism are answered in the same way:

If two objects or human beings show similar behavior in all their relevant
aspects open to observation, the assumption of some unobservable hidden
difference between them must be regarded as a completely gratuitous
hypothesis and one contrary to sound scientific method.

(Harsanyi 1955: 317)

In a footnote, he calls this a principle of inductive logic, and he concludes
that if two people’s preferences and all their outward signs of dissatisfaction
are the same in any situation, we should take them to have the same
utilities.

The remaining psychological problem is how tomake comparisons, where
people differ in these ways. Harsanyi believes that the interpersonal compar-
ison of the magnitudes of differences in utility, which is what is needed for
Utilitarianism, is an empirical question that can be addressed by scientific
research. One suggestion that he had already developed in an earlier paper⁴
is that one can use the fact that over time, an individual can be in different
mental or physical states that affect the intensity of satisfaction experiences.
This has some similarity to Parfit’s observation that comparing across people
is not so different from comparing present selves to past and future selves.
Here, he believes that individuals can directly judge differences by intro-
spection. A skeptic might balk here. If introspection compares remembered
utility to present utility, is it to be trusted? More generally, he suggests
seeing what attributions of the type under consideration play in overall
explanations of individuals’ behavior. A strong individual might be less
averse to heavy labor than a weak one; a stronger mind might enjoy mental
exercise, while a weaker one finds it painful. How this is to be spelled out

⁴ Harsanyi (1953–4).
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to give interpersonal comparability of differences is left to developments in
psychology and physiology.

This notminimalUtilitarianism at all, but something closer to the classical
Utilitarians. They might not be too worried about the hybridization fusing
hedonic value with preference, because the fundamental principle of classi-
cal Utilitarians is that pleasure and pain govern human choices. Harsanyi’s
view is thus that the preferences behind Von Neumann-Morgenstern utili-
ties are determined by hedonic differences, and that the physiological and
psychological states of the individuals allow interpersonal comparisons of
utility differences. Ideally, if the science were perfect, this would put all
individuals on a common interval scale. In the ideal observer theorem, if
the ideal observers knew the science and described the individuals to fine
enough detail, then they would all agree. In the representation theorem,
requiring everyone to have equal weight in the Utilitarian Sum would have
a real bite.

Amartya Sen⁵ (1976, 1977a) objected that Harsanyi’s Utilitarianism was
not classical Utilitarianism at all. This is quite true of the theorems. The
theorems by themselves only give us what we have called “minimal Utili-
tarianism.” But the theorems together with Harsanyi’s view of the science of
utility, can be seen as a revival of Bentham, Mill, and Edgeworth.

One may agree with Harsanyi’s dismissal of the “metaphysical problem”
and still question whether it gets comparability of levels and differences of
utility. (Actually, all he needs for Utilitarianism is comparability of differ-
ences.⁶) If the behavior that indicates utility is choice behavior, then there is
a principled difficulty. The individuals involved are assumed for the purpose
of the representation theorem to be idealized expected utility maximizers.
An arbitrary change of scale zero and unit for a given individual would leave
that individual behaving in exactly the same way. The differences that allow
comparability must be wider differences, including other psychological or
neurological factors. This appears to be just what Harsanyi intends. Now the
crucial comparability questions appear to depend onwhat these other factors
are and how they themselves aremeasured.Wewill return to these questions.

⁵ Nobel Memorial Laureate in Economic Sciences, 1998.
⁶ Comparability of levels of what is needed for Rawlsian maximin or leximin social welfare

evaluations. There is an extensive examination in the literature of the interaction of kinds
of comparability and levels of interpersonal comparison. For a masterful treatment, see Sen
(1977b).
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Neurobiology of Pleasure and Pain

9.1 Introduction

In this chapter, we give a brief discussion of the relevance of neurobiology
to the measurement of utility. Modern behavioral economics has to some
extent undercut the Von Neumann-Morgenstern approach by investigating
cases in which individuals systematically violate each of their axioms. Some
have transferred their hopes for a scientific basis for utility measurement to
neurobiology. Looking at the broad outlines of established facts, we argue
that this is not so. Neurobiology has all the problems that psychophysics
had in constructing a hedonic scale. If anything, what we know about
neurobiology of pleasure and pain just makes the problems worse.

9.2 Neurobiology of Pleasure and Pain

William Stanley Jevons was an early, if inconsistent, skeptic about the
measurement of pleasure and pain. In 1871 he wrote “I hesitate to say
that men will ever have the means of measuring directly the feelings of
the human heart.” After quoting Jevons, three leading practitioners of
the new discipline of neuro-economics (Camerer et al. 2004) demur:
“But Jevons was wrong. Feelings and thoughts can be measured now,
because of recent breakthroughs of neuroscience.” Can we now, at least in
principle, build Edgeworth’s hedonimeter?1 The contemporary Utilitarian

1 Edgeworth in his 1881 edition of his Mathematical Psychics defines the hedonimeter
as follows:

To precise the ideas, let there be granted to the science of pleasure what is granted
to the science of energy; to imagine an ideally perfect instrument, a psychophysical
machine, continually registering the height of pleasure experienced by an individual,
exactly according to the verdict of consciousness, or rather diverging therefrom
according to a law of errors.

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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philosophers Katarzyna de Lazari-Radek and Peter Singer (2014), are more
circumspect: “Advances in neuroscience are making it possible for us to
detect in an objective manner, whether someone is having a pleasant or
a painful experience, but Edgeworth’s ‘hedonimeter’ is still waiting to be
invented.”They go on to add that the problem of interpersonal comparability
would remain.2,3

Neither thinks we are there yet. But although neurobiology is a rapidly
changing field, and we do not know what the future will bring; present
knowledge suggests that thingswill not turn out to be as simple as Edgeworth
envisioned.

2 De Lazari-Radek and Singer (2014: 274). See also their (2017: 70–5), where they also display
a healthy skepticism about “How positive is your experience on a scale of 1 to 10” and themetric
of quality of adjusted life years used on health care policy decisions.

3 Kahneman and Krueger (2006: 5) think otherwise:
Severalmethods have been used to attempt tomeasure themoment-to-moment flow
of pleasure or pain in the laboratory. An advantage of laboratory experiments is
that extraneous aspects of an experience can be controlled, and the unique effect
of a stimulus on individuals’ experiences can be evaluated. Participants in many
experiments in psychology and in consumer research, for example, are required to
undergo an experience, such as being exposed to loud noises or watching a film clip.
They are asked to provide a continuous indication of the hedonic quality of their
experience in real time by manipulating a lever that controls a marker on a scale,
which is usually defined by extreme values such as very pleasant and very unpleasant
and by a neutral value. . . .

The participants in experiments in which a physical stimulus is varied generally
provide profiles that are similar, both in level and in shape, and that respond to the
stimulus in a sensible way. For example, in an experiment described in Kahneman,
Fredrickson, Schreiber and Redelmeier (1993), participant ratings of pain on a 0–14
scale increased from an average of 4.0 (after the first ten seconds) to an average of
8.4 after 60 seconds of immersing their hand in water at 14∘ Celsius, and the average
dropped to about 6.50 over the next 30 seconds, as the temperature of the water was
gradually raised to 15∘ C.

At the end of an experiment, individuals can be asked to evaluate their experience
as a whole. Such a retrospective report can be thought of as representing the
respondents’ remembered utility. The evaluation of remembered utility requires
the individual to remember a stream of experiences and to aggregate them in
some way. Ideally, one would hope that the individual who reports his or her
overall remembered utility for a period performs the task of summing momen-
tary utilities over time that Edgeworth had in mind. This is not the case, how-
ever. Numerous studies have related individuals’ retrospective evaluations of an
experience to their record of real-time reports. Although retrospective evaluations
are related to the real-time reports—people are generally correct in classifying a
past episode as pleasant or awful—retrospective reports are also susceptible to
systematic biases.
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9.3 The “Pleasure Center”

In 1953, James Olds joined Donald Hebb’s laboratory at the McGill Univer-
sity to study neurobiology of learning. Contemporary research had identi-
fied areas which when stimulated led to aversive behavior:

Just beforewe began our ownwork,H. R.Delgado,W.W.Roberts, andN. E.
Miller at Yale University had undertaken a similar study. They had located
an area in the lower part of the mid-line system where stimulation caused
the animal to avoid the behavior that provoked the electrical stimulus. We
wished to investigate positive as well as negative effects (that is, to learn
whether stimulation of some areas might be sought rather than avoided by
the animal).⁴

He set out to see whether stimulation of the reticular activating system
would lead to reinforcement and learning of the behavior present during the
stimulation. The initial discovery was due to a lucky error:

Wewere not at first concerned to hit very specific points in the brain, and, in
fact, in our early tests the electrodes did not always go to the particular areas
in the mid-line system at which they were aimed. Our lack of aim turned
out to be a fortunate happening for us. In one animal, the electrode missed
its target and landed not in the mid-brain reticular system but in a nerve
pathway from the rhinencephalon. This led to an unexpected discovery.⁵

The correctly placed electrodes did not produce the desired effect, but the
mistaken one did. This exciting discovery led to a program of investigating
areas of the brain that had this property.

This led to 1954 path-breaking paper with Peter Milner: “Positive Rein-
forcement Produced by Electrical Stimulation of Septal Area and Other
Regions of Rat Brain.” This paper already identified more than one region
involved in positive reinforcement; subsequent research expanded the list.
In 1956, Olds wrote a popular account of the research in Scientific American,
“Pleasure Centers in the Brain,” and the findings became famous. Subsequent
investigation describing repeated self-stimulation by rats to the exclusion of
all else made for an even more powerful story.

⁴ Olds (1956).
⁵ Olds (1956).
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One might think that such experiments could never be carried out in
humans, but they were, in fact, carried out by Robert Heath at Tulane Uni-
versity in the 1970s. One infamous experiment was aimed at curing a subject
of homosexuality, patient B-19. B-19 would self-stimulate by repeatedly
pressing a button connected to implanted electrodes just as the rat did.
Heath stimulated the patient in conjunction with heterosexual pornogra-
phy. The “cure” was completed with the help of a young female prostitute
recruited from the French Quarter.⁶

Some may have been tempted to think a hedonimeter is right around
the corner, measuring activity in the pleasure center of the brain. There are
several problems with this simplistic interpretation of Olds’ experiments.

Thefirst is that the areas that he identified as pleasure centers appear not to
be pleasure centers at all. They are connected to desire rather than pleasure,
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Figure 9.1 Pleasure experiment on rat and human; taken from K. S. Smith,
S. V. Mahler, S. Peciña, and K. C. Berridge (2010), © OUP.

⁶ Moan and Heath (1972).
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to “wanting” or incentive salience rather than “liking.”⁷ These centers can
be blocked, and a subject can still experience pleasure. But the subject will
not desire to repeat the experience. To be sure, when everything is working
normally there usually is desire for pleasure, and pleasure engenders desire.
But the two systems can come apart. Olds’ rats and Heath’s Patient B-29 kept
pushing that button because the brain stimulation made them want to, not
because it produced pleasure (Figure 9.1).

There are areas of the brain that are implicated in pleasurable experience,
but they are not the ones that Olds discovered. Furthermore, there is not just
one pleasure center, but rather many areas involved forming a complicated
distributed pleasure system.

9.4 The “Pleasure Chemical”

The neurological areas that Olds investigated contained a lot of dopamine
receptors. The popular meme made dopamine the neurotransmitter respon-
sible for pleasure. With the discovery that activity in these areas did not
induce pleasure, the neurological perspective shifted. The neurotransmitters
primarily responsible for pleasure now appear to be endogenous opioids
and cannabinoids. So, a better meme appears to be “dopamine for desire,
opioids for pleasure.” This, like the “pleasure center of the brain” is a gross
and misleading oversimplification. As two leading neuroscientists put it:

The idea that a brain hotspot or coding apexmediates pleasure or happiness
can all too easily turn into phrenology if taken as a literal truth, and
unconstrained chemo-phrenology poses an equal danger. Brain function
is less constant than handy anatomical or chemical labels imply. Caveats,
stipulations, and often even conditional (at least) retractions are sure to be
needed, and if they are forgotten the effort to understand the brain will
soon come to tears.⁸

⁷ A similar distinction was made by the nineteenth-century Utilitarians who distinguished
desire (“wanting”) from satisfaction (“liking” or experiencing pleasure). This distinction con-
tinued into modern economics, where for commodities “desire” is associated with the purchase
of a commodity (and measured by the price willing to be paid for it) and “satisfaction” with the
pleasure produced by consuming the purchased commodity.

⁸ Kringelbach and Berridge (2009).
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The role of opioids alone is complex. Opioids are neurotransmitters that
perform many functions in the nervous system (as does dopamine). There
are opioid receptors all over the brain and, in fact, throughout the nervous
system. Three different types of opioid receptors have been identified, called
Mu, Delta, and Kappa. All of these are widely distributed, but frequency of
different types varies with the anatomical region.

The function of these receptors in various regions of the rodent brain has
been extensively investigated using various techniques, including pharmaco-
logical blockade or potentiation, and genetic knockouts.⁹ The Mu receptors
appear to be responsible for much of the pleasure generated by food and
sex. To some extent the Delta receptors may also be involved in producing
pleasure. But the Kappa receptors produce aversion. Different aspects of the
opioid system are thus involved in both positive and negative reinforcement.

Rats are complicated, but humans are arguably more complicated. There
are the higher pleasures, which Bentham and the Utilitarians certainly did
not want to neglect.There are the pleasures of listening tomusic and viewing
works of art, not to mention the pleasures of creating music and art for
those who are so capable. There are the sympathetic pleasures of causing
pleasure in others. There is evidence that these pleasures involve more of
the brain than the simple sensory pleasures. They appear also to involve the
neocortex,1⁰ although how they do so has not been extensively studied. This
would not have come as a surprise to the philosopher Immanuel Kant. See
his Observations on the Feeling of the Beautiful and the Sublime.11 Addition
neurotransmitters may come into play12 The picture appears to be becoming
more complicated.

9.5 Pleasure and Pain

Can pleasure and pain be well-represented as positive numbers on a single
continuum, separated by a natural zero, in the way presupposed by Edge-
worth’s hedonimeter? Common experience raises caution flags. It appears to
be possible to feel both pleasure and pain at the same time, as in eating food
with hot peppers, or feeling the pain of intense exercise. Masochists seem to

⁹ For a review, see Le Merrer et al. (2009).
1⁰ See for instance Vuurst and Kringelbach (2010: 263 ff).
11 For an experiment inspired by, and supporting Kant, see Brielmann and Pelli (2017).
12 Especially when we remember the full range of pleasures that Bentham considered.
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cultivate the ability. This suggests that pleasure and pain should be put on
different dimensions.

Some neurobiology seems to point in the opposite direction. It reveals
some commonalities in pleasure and pain systems. Dopamine plays a role in
anticipation of each. Opioids are involved in each kind of hedonic valence.
But closer inspection reveals differences between the systems as well. Both
pleasure and pain systems may be active at the same time.

The hedonimeter presupposes that a little pain cancels some pleasure; a
little pleasure cancels some pain. Bentham thought that pleasure and pain
interact additively, like adding positive and negative numbers. If this were
so, the result would be a net hedonic value, which is what the hedonime-
ter would read out. Despite some analgesic effect of strong pleasure, this
simple additivity picture is implausible. If the masochistic chili pepper eater
prefers his pleasure with a little pain to pleasure without, he contradicts
Bentham.

In a prelude discussion to their anthology, Pleasures of the Brain, Kringel-
bach and Berridge put the question directly to authors in the anthology.13
The answers differ in interesting ways. Some say that pleasure and pain are
orthogonal dimensions; others see the single dimension as a sometimes-
useful heuristic.1⁴ None support the strict one-dimensional view in the sense
discussed here.

9.6 Measurement of Pleasure in the Best-Case Scenario

Neurobiology shows that measurement of pleasure and pain in the brain is
full of complications. But science marches on and sometimes it turns out
that a striking simplicity lies behind complicated phenomena. At this point
we would like to back away and ask what neurobiology could do for us in an
idealized scenario where all the complications go away.

Suppose we consider only pleasure, and suppose that contrary to fact
there is only one pleasure center of the brain and only one pleasure

13 See Kringelbach and Berridge (2010: 12–13).
1⁴ “No. They are on orthogonal continua but usually with a mutual inhibitory relationship”

(Anthony Dickenson in Kringelbach and Berridge 2010: 13); “Pain systems activate brain
regions not usually included in those thought to be processing hedonic reactions and/or reward.
Thus, is seems unlikely that pleasure and pain are on a continuum” (J. Wayne Aldridge in
Kringelbach and Berridge 2010: 12); “In general pleasurable feelings are usually rewarding and
pain is usually a punishment. There are some notable exceptions to this heuristic.” (Siri Leknes
in Kringelbach and Berridge 2010: 12).



OUP CORRECTED PROOF – FINAL, 29/6/2020, SPi

90 the pursuit of happiness

chemical—call it soma. Suppose we can measure concentrations of
soma physically, and that greater concentrations of soma correlate with
reported experience of greater pleasure. In this fictional ideal case,1⁵ would
neurobiology have solved the Utilitarian problem of the measurement
of pleasure? Is pleasure then concentration of soma or square root of
concentration of soma, or some other increasing function of concentration
of soma? To answer this question, we must already be able to measure
experienced pleasure on a scale stronger than a mere ordering. This is
exactly the same problem faced by psychophysics. We have the physical
measurement, but we also already need the psychological measurement
to do psychophysics. Measuring pleasure with neurology presupposes an
answer to the psychological measurement question. With respect to the
psychological measurement, we are back in the same boat as Bentham.1⁶

And further, as de Lazari-Radek and Singer remarked, it does not solve
the problem of interpersonal comparison. Certainly, people are animals. If
you wish, we may posit that mind supervenes on body. Ideally physically
identical people in physically identical states would feel psychologically
identical pleasures and pains. That alone does not tell us how to aggregate
pleasures and pains in a meaningful way. The problem of interpersonal
comparisons persists.

1⁵ The same considerations apply to the ideal scenario floated by Glimcher (2011).
1⁶ To be more explicit, suppose we have a hedonic commodity C. Amounts of C produce

amounts of soma, S. C is measured physically by 𝜙, and S is measured physically by 𝜍. Let 𝜏 be
the empirically determined function that maps C into S. We want the hedonimeter to describe
pleasure intensity in terms JNDs. Suppose the end result is a hedonimeter scale h which results
from the consumption of C. Say, for example, h is given by the JND scale,

h[𝜍(𝜏[𝜙(a)])] = k log(𝜙(a)),
where k is a positive constant. Such an h always exists, because any strictly increasing function
(e.g., 𝜍) can be mapped onto another strictly increasing function (e.g., k log(𝜙)) by a strictly
increasing function (e.g., h). The issue is, How does one know that 𝜍(𝜏[𝜙(a)]) is the right
kind of hedonimeter scale for measuring the subjective intensity of the pleasure produced by
a? We can only know this by being confident that some additional theory of measurement and
methodology, for example Fechnerian JNDmeasurement ofC, yields𝜍(𝜏[𝜙(a)]) as the correct
measure.
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Modern Measurement

10.1 Introduction

In this chapter, we give more detail of the development of the modern
theory of measurement, and the correlative concept of meaningfulness. The
theory started with physical measurement of length, area, or volume, and
depended on the existence of a physical notion of sameness in magnitude,
and a physical addition operation such as concatenation of measuring rods.
Measurement assigned numbers such that mathematical addition mirrored
physical addition. This theory resulted in ratio scales. The account left out
many measurements in the social sciences, where there was no apparent
physical addition operation and no ratio scale in sight. In response psy-
chologists introduced a range of different scales, including what we have
earlier introduced as interval scales and ordinal scales. Interval scales were
the type supplied for utility by Von Neumann and Morgenstern. Later a
comprehensive synthesis that accounted for all these kinds of scales in terms
of mirroring empirical relations was developed. The empirical relations
determine scale type and meaningfulness.

From the second half of the twentieth century to present, measure-
ment theory has made enormous advances. This book focuses on modern
generalizations of (i) Herman von Helmholtz’s 1887 article, “Zählen and
Messen erkenntnistheoretisch betrachtet,” and (ii) the theory Stanley Stevens
promulgated in his 1946 Science article, “On the theory of scales of measure-
ment.” Generalization (i) is described in some depth in the 1971, 1990 three-
volume treatise, Foundations of Measurement by, in various combinations of
authorship, David Krantz, Duncan Luce, Patrick Suppes, and Amos Tversky.
This generalization has become known as the Representational Theory (of
Measurement). Contemporary psychophysics has provided a generalization
of (ii), which itself is founded on the Representational Theory. That general-
ization is discussed in Chapter 11.

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001



OUP CORRECTED PROOF – FINAL, 29/6/2020, SPi

92 the pursuit of happiness

10.2 Extensive Measurement

Von Helmholtz was the preeminent philosopher-scientist of the second half
of the nineteenth century. He made fundamental contributions to physics,
physiology, and psychology that continue to have important ramifications
today. His contribution to measurement theory was to formulate and give a
mathematical foundation for a measurement procedure that united varied
and widely used procedures of his time. He accomplished this through an
axiomatic, algebraic treatment called extensive measurement. A key part of
his method was the construction of a standard sequence of measurements
that provided a skeleton for the assignment of numerical measurements to
objects. The construction depends on a physical addition operation,⊕. (For
length this is linear concatenation.) For fundamental physical scales such as
distance, time, mass, etc., his procedure yielded a ratio scale.

The following five steps summarize measurement through standard
sequences. Proofs and some details are omitted.1

1. Choose a fixed object x from the domain X of objects to be the unit of
measurement.

2. Construct copies of x having the same size of x by some qualitative
comparison of “size”; for example, two straight physical rods x and y
are of the same size, in symbols x ∼ y, if and only if when put side-
by-side their endpoints match; and x is of lesser size than y, in symbols
x ≺ y if their left endpoints match but y’s right endpoint is outside of
x’s, (see Figure 10.1).

3. Let 1x stand for x, 2x = x ⊕ x for two copies of x, and in general
nx = (n−1)x⊕x for n copies of x, n a positive integer. For any element
y of X, ny is similarly defined. The sequence 1x, 2x, . . . , nx, . . . , is called
the standard sequence.

4. A function 𝜙 that assigns the number n to the object nx, in symbols,
𝜙(nx) = n. 𝜙(nx) is called the measurement of nx, where 𝜙(x) = 1.
Here measurement is reduced to counting equal sized units.

The remaining step is to assign a numerical measurement to each object y
in the domain X. To accomplish this, the following assumption, called the
Archimedean Axiom, is needed. The aim of the Archimedean Axiom is to

1 A detail discussion of the method is presented in Luce et al. (1990: Vol. I, ch. 3).
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u

u ~ v x ≻ y x ⊕  y ~ z

x z y

zyv

(a) (b) (c)

Figure 10.1 Linear concatenation of rods.

require all objects be commensurable; that is, having no object to be infinitely
large or infinitesimally small in size with respect to another object. There
are a number of ways to formulate this. Here we use the following: For all
large positive integers k there exists a unique positive integer mk such that
mkx ≾ ky ≺ (mk + 1)x. A consequence of Archimedean is that the standard
sequence has the following property for each y in the domain X: For all z in
X there exists p such that z ≺ py.

5. The final part of the step shows how to measure y within an arbitrarily
small fraction of the size of the unit x. By Archimedean, we know
that for all large k there exists a unique positive integer mk such that
mkx ≾ ky ≺ (mk + 1)x.

Define

𝜙k(ky) = mk

to be the approximate measurement of ky. Then ky has been measured with
respect to the unit x with error less than 1. The intuition for this is that the
correct measurement of the size of ky, 𝜙(ky), should be between measure-
ments of the size of mkx and the size of (mk + 1)x, and the approximate
measurement of 𝜙k(ky) satisfies this, because 𝜙 is assumed to preserve the
order ≾ and

mk = 𝜙(mkx) ≤ 𝜙k(ky) ≤ 𝜙[(mk + 1)x] = mk + 1 .

Define

𝜙k(y) =
𝜙k(ky)

k
.
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Then

mk

k
≤ 𝜙k(ky)

k
= 𝜙k(y) <

mk + 1
k

,

that is, 𝜙k(y) is an approximate measure of y with error 1
k
. Let

𝜙(y) = lim
k→∞

𝜙k(y).

Then 𝜙(y) is called the measurement of y with respect to the unit x.
The construction of themeasurement function 𝜙was based on the follow-

ing assumptions:

1. The existence of n copies of the unit x, nx.
2. The construction of a standard sequence, 1x, 2x, 3x, . . . , with x as the

unit.
3. The assignment of the number n as the measurement of nx.
4. The assumption of the Archimedean Axiom.

Helmholtz recognized that the length example extended to all funda-
mental physical dimensions, with justifications based on physical principles.
Let X denote the domain under consideration. It is assumed that sizes of
elements of X are compared by the empirically determined weak order ≾.
A binary operation ⊕ exists on the elements of X such that y ⊕ z produces
another object in X. The structure ⟨X, ≾,⊕⟩ satisfies specific measurement
conditions. Many of these require X, ≾, and⊕ to be empirically observable
and satisfy empirically testable algebraic axioms about them. But two addi-
tional non-empirical axioms are necessary for the existence of representa-
tions onto an interval of real numbers. They are needed for deriving the
Archimedean Axiom. The resulting axiomatic system is called continuous
extensive measurement and it is described in Appendix 10.1.

Extensive measurement’s most important axiom is associativity,
in symbols,

y⊕ (w⊕ z) ∼ (y⊕ w) ⊕ z.

In relevant physical situations, associativity is testable. It is also a key char-
acteristic of the numerical operations of addition and multiplication, that is,

a + (b + c) = (a + b) + c and a ⋅ (b ⋅ c) = (a ⋅ b) ⋅ c.
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In the presence of the other axioms, associativity allows z ⊕ w to be
interpreted as the intensity of w added to the intensity of z.

Formally, a standard series for ⟨X, ≾,⊕⟩ is defined inductively as follows:
1 copy of x, 1x, is x, and n+ 1 copies of x for a positive integer n is (nx) ⊕ x.

Hölder (1901) provided an improved and more mathematically precise
version of Helmholtz’s (1887) system.2 Helmholtz’s and Hölder’s abstract
approach to standard series provided a uniform approach for measurement
in many different empirical situations that previously were unconnected.
They showed the following representation theorem for extensive measure-
ment: There exists a ratio scale of representations 𝜙 from X onto the positive
real numbers such that for all x and y in X,

x ≾ y if and only if 𝜙(x) ≤ 𝜙(y) and 𝜙(x⊕ y) = 𝜙(x) + 𝜙(y).

Extensive measurement works well for the ratio scale measurement of
physical dimensions. This is because associative operations can be found
or defined on them. This is not the case for psychology in general or the
measurement of pleasure specifically. Consider the case of loudness. Let≾ be
a weak ordering on subjective loudness. A natural psychological combining
operation ∘ is simultaneously putting a sound x in the left ear and a sound y
in the right ear and have the subject judge her subjective loudness x ∘ y for
these simultaneous sounds. Empirically ∘ fails to be associative.This happens
repeatedly for combining operations on subjective dimensions. In particular,
ways of combining utilities subjectively fail to be associative. Thus a different
form of measurement is needed for utility.

Luce and Marley (1969) generalized the idea of an extensive structure so
that it need not have arbitrarily large elements. This allowed Luce (1967) to
provide a qualitative axiomatic theory for probability. The idea is that one
starts with a weak ordering ≾ on a boolean algebra ℬ of uncertain events.
A ≾ B stands for “B is at least as likely as A.” Because disjoint unions
of uncertain events correspond to the addition of probabilities, define the
partial operation⊕ on ℬ as follows: For all A, B, and C in ℬ, A⊕ B ∼ C if
and only if there exists A′, B′, C′ inℬ such that A ∼ A′, B ∼ B′, C ∼ C′, and

A′ ∩ B′ = ∅ and A′ ∪ B′ = C′.

2 Also, Hölder’s work on extensive measurement gave rise to his important algebraic concept
of “Archimedean ordered group” by simply adding negative elements to the domain of an
extensive structure.
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Because the set-theoretic union operator is associative, it easily follows that
⊕ is associative, that is,A⊕(B⊕C) = (A⊕B)⊕C.Thus associativity, which is
often themost difficult axiomof continuous extensivemeasurement to verify
empirically, is here gotten for free. ⊕ is not defined for pairs with sums of
assigned probabilities> 1

2
. Luce (1967) showed the following representation

theorem:

Theorem 1 There exists a unique function ℙ from ℬ into the real interval
[0,1]such that for all A and B inℬ,

• ℙ(sure event) = 1, ℙ(∅) = 0,
• A ≾ B if and only if ℙ(A) ≤ ℙ(B), and
• if A ∩ B = ∅, then ℙ(A ∪ B) = ℙ(A) + ℙ(B) .

The method Luce employed applies to other settings. For example, hedo-
nic episodes, rationally considered, are similar to events in terms of struc-
ture, overlap, and disjointness. And their hedonic intensities are similar
to probabilities except they are not normed to 1. This allows for a utility
representation similar to Theorem 1. (A related representation of utility for
hedonic events is described in Section 12.3.)

Narens and Luce (1983) describe the impact of extensivemeasurement on
scientific measurement methods in the first half of the twentieth century as
follows:

With the successful axiomatization of extensive structures and the recog-
nition of their importance for the foundations of physics, a curious debate
ensued during the 1920s and 30s about what else is measurable. Some
philosophers of physics—especially Campbell (1920, 1928) but also Bridg-
man (1922, 1931) and later Ellis (1966)—expounded the position that
measurement from first principles is necessarily extensive in character.
Campbell referred to scales resulting from such measurements as “funda-
mental,” all else being “derived.” Thus, momentum, density, and all other
physical measures whose units can be expressed as products of powers of
the fundamental units of mass, length, time, temperature, and charge were
treated as derived. . . .

At the same time, psychologists and economists were pursuing other
approaches tomeasurement thatmore or less explicitly ran afoul of the dic-
tum that fundamental measurement rests on associative, monotonic oper-
ations of combination. The debate reached its intellectual nadir with the
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1940 Final Report of a Commission of the British Association for Advance-
ment of Science (Ferguson et al. (1940)) in which a majority declared
fundamental measurement in psychology to be impossible because no
such empirical operations could be found. Campbell, a member of the
Commission, the leading figure in measurement theory at the time and
probably a major force in Commission’s creation, 8 years earlier, wrote,
“Why do not psychologists accept the natural and obvious conclusion that
subjective measurements of loudness in numerical terms . . . are mutually
inconsistent and cannot be the basis of measurement?”

(p. 168)

10.3 Stevens’ Measurement Theory

The psychologist S. S. Stevens used direct measurement techniques to mea-
sure subjective intensity. He was a member of the Commission, but failed
to convince the physicists on the Commission of the validity of the direct
measurement techniques that he employed in his psychophysical research.
His famous 1946 Science paper on measurement was his reply to the Com-
mission’s report. Later in 1951 he extended his ideas in an influential chapter
in his Handbook of Experimental Psychology. The gist of the article and
chapter was was that scale type was the important feature of measurement,
not additivity. Narens and Luce (1986) write,

Stevens, whose work on loudness measurement with Davis in 1938 was, in
part, at issue, was independently considering the same question in a series
of discussions in the late 1930s with a distinguished group of scientists
and philosophers: G. D. Birkhoff, R. Carnap, H. Feigl, C. G. Hempel,
and G. Bergmann. Out of this arose his now widely accepted position
that a key feature of measurement is not only the empirical structure and
its representation, but the degree of uniqueness of the representation as
is reflected in the group of transformations that take one representation
into another. In contrast to Campbell, Stevens claimed that the nature
of the transformations taking one representation onto another was the
important feature of the representation, not the particular details of any
axiomatization of it.

In his 1946 and 1951 publications Stevens singled out four groups
of transformations on the real or positive real numbers as relevant to
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measurement: one-to-one, strictly monotonic increasing, affine, and
similarity. And he introduced the corresponding terms of nominal, ordinal,
interval, and ratio to refer to the families of homomorphisms, or scales,
related by these groups.

(p. 168)

In modern measurement terms, Stevens’ theory consisted of a scale 𝒮 of
functions from a domain X into the real numbers,ℝ. He assumed what later
measurement theorists call existence, that is, 𝒮 ≠ ∅. He also assumed that
the functions in 𝒮were given by some rule, but he did not put any conditions
on the rule. This lead to the criticism that his very foundational idea about
measurement was vague. He also assumed what later measurement theorists
call uniqueness: there was a way of describing how any two functions in 𝒮
are related to one another. This led to a classification of scales into types.
Chapter 5 described the ordinal, interval, and ratio types. Here is Stevens’
complete list:

Let f and g be any elements of 𝒮, and let H be such that g(x) = H(f(x)).
Then 𝒮 is said to be

• nominal if and only if H is one-to-one;
• ordinal if and only if H is strictly increasing;
• interval if and only if H is of the form rx + s where r ranges over the

positive reals and s over the reals; and
• ratio if and only if H is of the form rx where r ranges over the

positive reals.

Later Stevens added two additional scale types:

• absolute, where H is the identity function, that is, 𝒮 consists of a single
function, and

• log-interval, where H is the form sxr where r and s range over the
positive reals.

There are three kinds of ratio scales 𝒮 used in this book with f being an
element of 𝒮: A ratio scale, where f is onto the positive reals,ℝ+; a ratio scale
with zero, where f is onto the non-negative reals and thus for some element
z in X, f(z) = 0; and a full ratio scale, where f is onto the reals. Often the
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term “ratio scale” will be used to describe any of these three with context
determining which is intended.

Stevens devised a directmeasurement procedure formeasuring subjective
intensity without involving the use of an associative operation. In his proce-
dure of ratio magnitude estimation, the subject is given two stimuli from the
same dimension X as is asked to judge the ratio of her subjective intensities
for them. These ratios are used to produce a function from X onto the reals,
which is taken to be a representative of the scale that measures the subject’s
subjective intensities for elements of X. Stevens assumed that this scale was
a ratio scale, presumably because the subject was asked to judge ratios. To
many scientists this last assumption made no sense. Narens and Luce (1983)
says the following about it:

The method, which he [Stevens] dubbed “magnitude estimation,” has been
moderately widely used because it produces quite systematic results. Nev-
ertheless, it has proved extremely difficult to defend his assumption that the
method of magnitude estimation actually results in ratio scales. Although
he recognized more than anyone else at the time the significance of scale
type in contrast to the particular structures exhibiting it, he seemed not to
appreciate that, in fact, the concept of scale type is a theoretical one that
can only be formulated precisely in terms of an explicit axiomatic model
of an empirical process. He failed to acknowledge that it takes more than
one’s intuitions to establish that ameasurement process, such asmagnitude
estimation, leads to a ratio scale.

Having characterized scales by the type of transformation involved,
Stevens went on to emphasize that scientific and statistical propositions
formulated in terms of measured values must exhibit invariance of meaning
under the admissible transformations that characterized the scale type.
He called such invariant propositions meaningful. As pointed out before,
there are two scale types for temperature used in science: An interval scale
used before the establishment of absolute zero that has the Farenheit and
Centigrade as representations, and a ratio scale with zero that has the
Kelvin representation that came after the establishment of absolute zero
temperature. More empirical structure corresponds to smaller classes of
transformations that preserve it. For temperature an example is that

∘5
∘4

is meaningful when temperature is measured in degrees Kelvin but not
meaningful when measured in degrees Centigrade.
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10.4 Representational Theory of Measurement

The Representational Theory of Measurement, or Representational Theory
for short, combines, in a general setting, ideas from the classical theory
based on extensive measurement with those from Stevens. Its methods have
the same rigorous scientific standards as the classical theory, but empha-
size Stevens’ approach to scale types and meaningfulness. It is based on
approaches suggested by Scott and Suppes (1958) and Suppes and Zinnes
(1963). Scott and Suppes write,

A primary aim of measurement is to provide a means of convenient com-
putation. Practical control or prediction of empirical phenomena requires
that unified, widely applicable methods of analyzing the important rela-
tionships between the phenomena be developed. Imbedding the discovered
relations in various numerical relational systems is the most important
such unifying method that has yet been found.

(pp. 116–17)

The kind of imbeddings they employ are homomorphisms.3 The Scott-
Suppes theory had nomeaningfulness concept.Thiswas remedied by Suppes
and Zinnes (1963) who extended the theory to include Stevens’ meaningful-
ness concept.

The Representational Theory generalizes the main ideas behind extensive
measurement. In extensive measurement axioms in terms of an empirically
observable operation,⊕, and an empirical observable relation, ≾, are given
where the axioms are testable by experiment, except for one used to derive
the Archimedean Axiom. In the Representational Theory, the operations
and relations of the qualitative structure remain observable but they are

3 Recall function 𝜑 from the domain X of the qualitative structure
⟨X,R1(x1, . . . , xn), . . . ,Rk(y1, . . . , ym)⟩

into the domain D ⊆ ℝ of the numerical structure
⟨ D, S1(w1, . . . ,wn), . . . , Sk(z1, . . . , zm)⟩

is said to be a homomorphism if and only if for all x1, . . . , xn and y1, . . . , ym in X,
R1(x1, . . . , xn) if and only if S1[𝜑(x1), . . . , 𝜑(xn)]

⋮
Rk(y1, . . . , ym) if and only if Sk[𝜑(y1), . . . , 𝜑(ym)] .
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not otherwise restricted. Axioms in terms of these are given, and in most
applications the critical ones lead to experimental testing. An example of
this is the conjoint measurement of loudness in terms of the intensity and
frequency of pure tones.

Let the Cartesian product I × F denote the set of pure tones if having
intensity i and frequency f. Let if ≾ jg if and only if jg is perceived as being
at least as loud as if. Then psychophysicists are interested in knowing if they
can measure I×F in the following manner: There exists functions 𝜓 on I and
𝜃 on F such that for all if and jg in I × F,

if ≾ jg iff 𝜓(i) + 𝜃(f) ≤ 𝜓(j) + 𝜃(g). 10.1

In this case, the additivity of the loudness dimension is expressed by the
psychological interaction physical intensity and frequency.The issue is, How
to characterize this in terms of observations about≾?Measurement theorists
investigated this and eventually worked out systems where Equation 10.1
holds. They called their systems additive conjoint measurement and showed
the following uniqueness theorem: If 𝜓 and 𝜃 are elements of interval scales
on, respectively, I and F, and if 𝜓′ and 𝜃′ are any two functions satisfying
Equation 10.1 then there exist real numbers r, s, and t with r > 0 such that

𝜓′ = r𝜓 + s and 𝜃′ = r𝜃 + t. 10.2

Note that in Equation 10.2 the same real number r is used as a multiplicative
term in the characterization of 𝜓′ and 𝜃′ and that the additive terms s and t
can be different.

A key axiom in additive conjoint measurement is the Thomsen Condition
defined below. It is a conjoint way of saying “associativity,” but it takes some
mathematical calculation to make this apparent.⁴

Thomsen Condition: ≾ is said to satisfy the Thomsen Condition if and only
if for all i, j, and k in I and all f, g, and h in F,

If if ∼ jg and jp ∼ kf, then ip ∼ kg .

⁴ See Krantz, et al. (1971: ch. 6) for a full discussion of this and other properties involved in
additive conjoint measurement.
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10.5 Scale Type

Let 𝒮 be a scale from X onto R (=ℝ orℝ+).
Then 𝒮 is said to be order preserving if and only if≤ is meaningful, that is,

for all x and y in X and 𝜑 and 𝜓 in 𝒮,

𝜑(x) ≤ 𝜑(y) if and only if 𝜓(x) ≤ 𝜓(y).

Stevens considered six types of scales: absolute, ratio, interval, log-
interval, and nominal. Of these, all but nominal are order preserving, of
the five order preserving ones, the interval-scale and log-interval-scale types
are really variants of each other rather than fundamentally different scale
types. They are related by a logarithmic transformation,

sf r → r log(f) + log(s);

This makes them have different but isomorphic transformation groups, that
is, they have different but isomorphic forms of uniqueness. This is why we
call the log-interval-scale type a “variant” of an interval scale rather than a
fundamentally new scale type.That leaves four of Stevens’ ordered scale types
without variants: absolute, ratio, interval, ordinal.

Three of these, absolute, ratio, and interval are finitely unique in the sense
that if two representations 𝜑 and 𝜓 agree on n distinct values for some
nonnegative integer n, then 𝜑 = 𝜓. Ordinal scales are not finitely unique.
Ratio, interval, and ordinal scales are homogeneous in the following sense:
For each r inR and each𝜑 in𝒮 there exists x inX such that𝜑(x) = r. Absolute
scales are not homogeneous.

So far, it has been ratio and interval scales that have been the most
important for science. This leave open the question in Stevens’ classification:
Are there additional scale types that are homogeneous and finitely unique
that may be of importance for science?

Narens (1981) and Alper (1987) investigated this and showed that for
homogeneous finitely unique order-preserving scales there existed only
additional scale types between ratio scales and interval scales.⁵ Luce and
Narens (1985) provided arguments that the only ones of these that are

⁵ See Luce et al. (1990: ch. 20) for a discussion and proof.



OUP CORRECTED PROOF – FINAL, 29/6/2020, SPi

modern measurement 103

likely to have application in science are the log discrete interval scales with
transformation groups onℝ+ of the form,

log discrete interval: y → kn + s,

where k is fixed and positive, n ranges over the integers, and s ranges over the
reals. Thus Stevens was close to listing all scale types that were likely to have
major applications in mathematical science. He did not, however, provide
theoretical assurance for this.

The Representational Theory derives the scale type of the measurement
of an empirical situation from axiomatic assumptions about its underlying
empirical structure. The most important assumptions—those seen as the
driving force in deriving the representation and uniqueness theorems—were
designed to be able to be checked empirically. Narens (1981) andNarens and
Luce (1986) recognized that one-point uniqueness, where any two represen-
tations agree for an object had to be identical, could be established for many
kinds of situations without making strong structural assumptions like asso-
ciativity or the Thomsen Condition. Luce and Narens (1985) went further
showed that two-point uniqueness, where any two representations agree for
two distinct objects had to be identical, held for many kinds of qualitative or
empirical situations. By the above results of Narens and Alper, this suggests
that if homogeneity could also be established, then the only possible scale
types that are to lead to situations having “laws” and strong mathematical
structure are ratio, log discrete interval, interval, or transformed variants
of them. Narens (1981) and Luce and Narens (1985) provided methods for
empirically testing homogeneity, but such tests are difficult to carry out. A
different approach is to assume that one of the three homogeneous scale
types holds. The following provides a rationale for this approach.

Let 𝒮 be a scale of one of the three homogeneous finitely unique scale
types. Then 𝒮 ≠ ∅. So let 𝜑 be in 𝒮. Then the image 𝜑(R) for each relation of
the qualitative structure ℜ is a numerical relation, and these images can be
used to construct a numerically representative structure 𝔑 for 𝒮. Suppose
𝒮 is an interval scale. Then each of these images are invariant under the
transformations in 𝒮. This puts a huge restriction on the mathematical form
of 𝔑. This restriction provides insights on how to test the theory or, put
differently, how to add testable assumptions aboutℜ. After considering 𝒮 to
be an interval scale, the process is repeated by considering 𝒮 to be a discrete
log interval scale and, after that, considering𝒮 to be a ratio scale.This leads to
three different theories to be postulated and tested. This approach has been
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successfully carried out by Luce (2000) for developing theory and analyzing
data for utility theories based on gambles.

10.6 Modern Measurement: Concluding Remarks

During the nineteenth-century, the only scientific way to measure pleasure
was through Fechner’s method of JND. Some, for example Eddington,
considered it as a central part of Utilitarianism. However, this was only
for theory. Little experimentation was done, with Wundt’s psychophysical
measurement of pleasure being the notable exception. The twentieth cen-
tury brought forth a plethora of new measurement techniques. Most could
be conceptualized as applications of the Representational Theory. These
included measurement methods prior to the founding of the Represen-
tational Theory, for example, the utility theories of Ramsey and of Von
Neumann and Morgenstern.

Stevens’ methods ofmeasurement, which were based on subjective veridi-
cal interpretations of numbers, don’t fit into the Representational Theory.
They were taken by scientists and philosophers to lack an adequate founda-
tion. But, as will be shown in Section 11.4, they too can be conceptualized
within the Representational Theory if the interpretations of numbers are not
taken to be veridical. When this is done and experimental comparisons to
Stevens’ theory are made, Stevens’ theory is found wanting.

In the Representational Theory, the choice of the numerical representing
structure is arbitrary. Different representing structures will produce different
numerical expressions for the representation of qualitative or empirical
relations and statements. But this does not cause a problem, if isomorphisms
are used for representations and attention is paid tomeaningful relations and
sentences.⁶

⁶ Suppose ℜ and 𝔖 are representing structures for the qualitative structure 𝔔, 𝜙 and 𝜓
are respectively representations of 𝔔 onto ℜ and 𝔖, and ℜ and 𝔖 are measured by scales of
isomorphisms, and T is a statement about 𝔔 formulated in terms of the primitive relations of
𝔔. It is known from logic that isomorphisms preserve truth. Thus,

T iff 𝜙(T) iff 𝜓(T). 10.3
Equation 10.3 holds for all representations 𝜙 and 𝜓 of 𝔔. Thus each statement about 𝔔
formulated in the language about 𝔔 has the same truth value and is meaningful in any
isomorphic numerical representing structure. This implies the meaningless propositions of ℜ
and𝔖 are exactly those that cannot be formulated in terms of the primitive relations of𝔔.
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Scale types are important measurement considerations. Many laws essen-
tially reduce to relations between scale types.⁷ Knowing that the scale types
onto the continuum that are of interest to science are restricted to ordinal,
interval, ratio, and absolute, with one between interval and ordinal that has
not been used, put Luce’s program and substantial generalizations of it on an
intellectually sounder foundation.⁸

Appendix 10.1. Definition of Extensive Structure

Let X be a non-empty set, ≾ be a binary relation on X, and ⊕ is a binary
operation of X. We write x ≺ y if x ≾ y and not y ≾ x. Then𝔛 = ⟨X, ≾,⊕⟩ is
said to be a continuous extensive structure if and only if the following seven
axioms hold for all x, y, and z in X.

• Weak Ordering: ≾ is a reflexive and transitive ordering on X.
• Density: If x ≺ z then for some w in X, x ≺ w ≺ z.
• Associativity:⊕ is associative; that is,

(x⊕ y) ⊕ z = x⊕ (y⊕ z).

• Monotonicity:

x ≾ y if and only if x⊕ z ≾ y⊕ z if and only if z⊕ x ≾ z⊕ y.

• Solvability: For all x and y inX, if x ≺ y, then for somew inX, x⊕w = y.
• Positivity: x ≺ x⊕ y and y ≺ x⊕ y.
• Continuous Domain:There exists a function f fromX ontoℝ+ such that

x ≾ y if and only if f(x) ≤ f(y).

The following theorem of Helmholtz and Hölder characterizes extensive
measurement as a form of ratio scale measurement:

Theorem 2 Suppose𝔛 = ⟨X, ≾,⊕⟩ is a continuous extensive structure. Then
the set 𝒮 of representations (homomorphisms) of 𝔛 onto ⟨ℝ+, ≤, +⟩ is a
ratio scale.

⁷ This was first noticed by R. Duncan Luce (1959) in his seminal article, “On the Possible
Psychophysical Laws.”

⁸ For theory and examples, see Falmagne andNarens (1983) and Falmagne andDoble (2015).
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Psychophysical Measures of Intensity

11.1 Introduction

Modern psychophysics has advanced our understanding of the Utilitarian
issues raised in the nineteenth century. Some of the conundrums associated
with JND are solved by Luce andNarens by showing how they can arise from
continuous latent variables. A rigorous mathematical analysis of measure-
ment by the alternative means of bisection is now available. It is nice to find
this technique at the heart of Frank Ramsey’s treatment of probability before
the general modern theory was available. There are, however, problems
that remain. For instance, there is the problem of multimodal comparisons
by a single individual. The mathematical prerequisites for putting different
modalities on a single scale are now well understood, but the relevant
empirical tests are few and sometimes fail. Experiments of this kind for the
different modalities of pleasure and pain are missing. Are things likely to be
simpler here than in the case of loudness? Doubtful. Some psychophysical
experiments seem to indicate the subjects cannot distinguish ratios from
differences. Problems remain.

Three measurement procedures for collecting psychophysical data are
discussed in this chapter: (i) JNDs, (ii) making mid-point judgments, and
(iii) giving a number that describes the intensity of a stimulus or the ratio
of two stimuli intensities or their difference. How the numbers in (iii)
are applied is up to the investigator. They are utilized in widely different
ways, from constructing a scale using only their ordering to one using the
proffered numbers as their scale values.This raises the issue of the agreement
of methods. Psychophysicists take this issue very seriously. Their answer
is “Roughly.” An outsider might take this as “good enough,” considering
the high level of precision of good psychophysical experimentation. But
for psychophysicists “roughly” is not good enough and they argue for one
method over another.

The literature on the measurement of pleasure and pain rarely uses, by
current standards, rigorous psychophysical methods. Instead, methods that
were discredited by the nineteenth-century scientific community are still

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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in use. Much of it is beyond sloppy; it is meaningless: for example rating
scales of happiness where the ratings are averaged. Many philosophers and
social andmedical decisionmakers base their theories and decisions on these
studies. It is the purpose of this chapter to show that serious thought has been
put into the measurement of subjective intensities by psychophysicists; their
theory and methods are general and likely applicable to the measurement of
the subjective intensities of pleasure and pain.

11.2 Semiorders and Just Noticeable Differences

11.2.1 Comparison of Just Noticeable Differences and
Standard Sequences

A sequence of 1 JND, 2 JND, 3 JND, . . . resembles a standard sequence 1x,
2x, 3x, . . . from extensive measurement. They can be used to measure things,
JNDs with a constant error and standard sequences with arbitrarily small
error.There appears to be some similarity in Fechner’s and others treatments
of them in that they are conceived of as being “equally spaced.” However,
the assignment of 1 to 1 JND, 2 to 2 JND, 3 to 3 JND, will turn out to
be by the Representational Theory a convention, just like the assignment
of the number n in extensive measurement to n copies of the unit x. One
could equally well declare that the JND spacing should be such that each
“space” is twice its previous “space,” that is, 1 JND = 1, 2 JND = 2,
3 JND = 4, . . . , n JND = 2(n−1), . . . . Then in terms of physical measure-
ment, the sequence would look like a version of Weber’s Law with Weber’s
constant c = 1.

11.2.2 Luce’s Axiomatization

Fechner had an empirical approach to JND measurement. Luce (1956)
provided a representational approach. He defined an ordering x ≺ y on
stimuli meant to capture the idea that y was at least 1 JND more than x in
subjective intensity. He gave axioms about ≺ with each corresponding to a
simple experiment. He showed that if his axioms held in a setting consisting
of finitely many stimuli, then there was a numerical representationΨ on the
stimuli such that
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x ≺ y if and only if Ψ(x) + 1 ≤ Ψ(y),

that is, the psychological intensity Ψ(y) of y is at least 1 JND (+1) more
intense than the psychological intensity Ψ(x) of x. Luce’s axioms were
about finite situations. Narens (1994) extended the theory so that it
applied to a continuum of stimuli. The following is an equivalent of Luce’s
axioms.
≺ is said to be a semiorder if and only if X is a non-empty set,≺ is a binary

relation on X, and the following three axioms are true for all w, x, y, and
z in X:

1. Not x ≺ x.
2. If w ≺ x and y ≺ z, then w ≺ z or y ≺ x.
3. If w ≺ x and x ≺ y, then w ≺ z or z ≺ y.

We will interpret y ≺ x as x is more discriminably intense than y.
There are many kinds of empirical semiorders. Fechner’s experimental

paradigm provides an example. There the semiorder x ≺p y is defined by
the observed frequency, p, of y being subjectively more intense than x is≥ p.
Taking p = .75 gives one semiorder; p = .9 another.

Luce’s semiorder axioms are testable by refutation. For example, 2 is
refutable by finding particular w, x, y, and z such that

w ≺ x and y ≺ z,

but not

w ≺ z or y ≺ x.

Thus Luce’s axiomatic approach provides a simple method of testing for the
failure JND modeling. Note that this is radically different than the usual
procedures of statistical model testing through goodness of fit. It is more
sensitive for rejecting models.

An important property of semiorders is that a subject can be indifferent
to stimuli without indifference being an equivalence relation.

Define ∼ on X as follows. For all x and y in X,

x ∼ y if and only if x ⊀ y and y ⊀ x.
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If x ∼ y, we say x is indifferent to y. Then, except for degenerate cases, ∼ is
not an equivalence relation, that is, generally there are x, y, and z in X such
that x ∼ y, y ∼ z, but not z ∼ x.

As an example, define ≺ on {.5, 1.3, 2, 2.4} by x ≺ y iff y − x > 1. Then
1.3 ∼ 2 and 2 ∼ 2.4, but 1.3 ≁ 2.4. But note that although ≺ does not
distinguish 1.3 and 2 by a direct comparison, they can be compared indirectly:
2.4 is obviously discriminably larger 1.3, because 2.4 is discriminably more
intense that 1.3 but only indifferent to 2. This idea leads to a way to weakly
order the domain of a semiorder using the following definition.

Let ≺ be a semiorder on X. Define ≾∗ as follows: For all x and y in X,

x ≾∗ y if and only if for all z, (if y ≺ z then x ≺ z) and (if z ≺ x then z ≺ y).

Luce (1956) showed that ≾∗ is a weak order, that is, it is a transitive and
connected relation. ≾∗ is appropriately called the weak order induced by ≺.
Luce (1956) also showed the following theorem.

Theorem 3 (Luce’s representation theorem) Suppose X is a finite set of stimuli
and ≺ is a semiorder on X. Then there exists a function Ψ from X into the
real numbers such that for all x and y in X,

x ≺ y if and only if Ψ(x) + 1 < Ψ(y).

Say for real numbers r < s that s is 1 JND more than r if and only if r+1 = s.
Then, by Luce’s theorem, x ≺ y if and only if the measurement Ψ(y) of y is
at least 1 JND more than the measurement of x, Ψ(x).

While experiments are about finite sets of stimuliX, most of economic and
psychophysical theory are about infiniteX on aWeaklyOrderedContinuum.
Unfortunately the method of proof of the Luce’s representation theorem
does not extend to a continuum of stimuli. (See Appendix 11.1 for a formal
definition of “continuum.”) Narens (1994) came up with a different method
for this situation.

Suppose ⟨X, ≺⟩ is a semiorder. Then ⟨X, ≺⟩ is said to be continuous if and
only if ⟨X, ≾⋆⟩ is a continuum.

Theorem4 Suppose ⟨X, ≺⟩ is a continuous semiorder and≾⋆ is theweak order
induced by ≺. Define the binary relation T on X as follows. For all x and y
in X, T(x) = y if and only if for all z in X,
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(i) if y ≺⋆ z then x ≺ z, and
(ii) if z ≺⋆ y then x ⊀ z.

Then T is a function on X and has the property that for each x in X,

x ≺ T(x).

T is called the threshold function induced by ≺. It has the characteristic
property that for each x, if (i) T(x) ≾⋆ T(y) if and only if x ≾⋆ y, and (ii) if
T(x) ≺⋆ y then x ≺ y.

Narens (1994) showed the following JND representation theorem, where
T(x) is 1 JND greater than x.

Theorem 5 (Continuous Semiorder Theorem) Suppose ⟨X, ≺⟩ is a continuous
semiorderwith induced ordering≾∗ and induced threshold functionT.Then
there exists a function Ψ from X ontoℝ such that for all x and y in X,

x ≾∗ y if and only if Ψ(x) ≤ Ψ(y)
Ψ[T(x)] = Ψ(x) + 1.

In psychophysics, stimuli fromX are presented to the subject. A semiorder
is computed from the subjects’ responses. It belongs to the subject and is
considered psychological.The stimuli, however, have both psychological and
physical roles. Its physical role, if relevant, is not part of the psychological
structure ⟨X, ≺⟩ but is part of a different structure used to measure physical
stimuli.Throughout this section it will be assume that this physical structure
is the weakly ordered extensive structure 𝔛Φ = ⟨X, ≾′,⊕⟩. Other ratio
scalable physical structures can be used to measure X, but it is convenient
to stick with 𝔛Φ. Psychophysics proceeds by relating the psychological and
physical structures. There are many ways to do this. Two are considered in
this section.

The first is the method suggested by Fechner and used by most
psychophysicist and measurement theorists. This method links physical
measurements of a stimuli to its psychological measurement through a
psychophysical function. Additional assumptions are made and tested about
this function so itsmathematical form can be described.The other, suggested
by Narens and Mausfeld (1989) is to put the psychological and physical
structures into a single structure andmake additional assumptions involving
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only relations from these structures. No psychophysical function is posited.
It is derived. The Narens and Mausfeld approach make very clear in what
manner the structures are compatible. It is used in the axiomatizations of the
rest of this chapter. The two approaches are discussed again in Section 11.7.

Consider the psychophysical structure ⟨X, ≾′,⊕, ≺⟩. Its part, ⟨X, ≾′,⊕⟩
is the physical structure with axioms saying it is an extensive structure,
and its part, ⟨X, ≺⟩, is the psychological structure with axioms saying it is
a semiorder. An additional axiom, ≾′ = ≾∗, is added where ≾∗ is the ≺-
inducedweak ordering.This axiom expresses the psychophysical law that the
subject’s behavior orders stimuli in exactly the same manner as in physics.
Notice that this is testable.

Formulating a qualitative equivalence to Weber’s Law is slightly more
complicated. It is that for all x and y in X,

T(x⊕ y) = T(x) ⊕ T(y), 11.1

were T is ≺’s induced threshold function. It is also testable. It provides an
alternative to the traditional method of verifying if and where Weber’s Law
holds.

Section 4.5 presented Von Kries’ criticism of Fechner’s method for estab-
lishing JNDmeasurement of sensation is based on convention. Leavingmost
of the discussion of “convention” aside until Section 11.7, the main point to
be made here contrary to Von Kries is that JND measurement done through
semiorders is just as foundationally rigorous as extensive measurement of
physical qualities. The axioms of semiorders are few, simple, and are univer-
sally quantified statements. Although Von Kries may be correct in his attack
on Fechner’s and others’ interpretation of JND measurement, it should be
noted that this attack, appropriately reformulated as in Section 11.7, works
just as well on physical measurement as used by psychophysicists.

11.3 Bisection Measurement

Fechner considered direct measurement of sensation as unscientific. For
Plateau’s study of the psychophysical function of grays, this amounted to
whether the midpoint grays produced by his artist subjects were really
the mid-points on their subjective scale of grayness. In other words, Did
Plateau’s subjects carryout the instructions correctly? Plateau did not provide
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an argument for them doing so. In terms of modern measurement theory,
Fechner was correct in that Plateau’s study had serious scientific flaws. But
Fechner was wrong in thinking that they couldn’t be corrected: Plateau only
needed to collect the right kind of bisection data to determine whether his
artists carried out correctly the bisection instruction.

What does such data consist of? It is the non-refutability of the relevant
axioms given below of a continuous bisection structure.The observed failure
of any one of these axioms would show that the subjects were not carrying
out the instructions correctly. The holding of the axioms show that the
bisection structure𝔛 = ⟨X, ⪯,⌽⟩ is isomorphic to ⟨ℝ,≤,⊕⟩, where r⊕ s =
1
2
(r + s), and thus it is consistent with true bisection taking place in 𝔛.

To show this, we start by defining what bisection is qualitatively. x ⌽ y is
read as the bisection of x and y. We apply bisection to provide a different
proof of Ramsey’s utility theory. Gambles by repeated flips of an unbiased
coin provides a paradigmatic case of Ramsey’s theory. Bisymmetry, defined
below, is a generalization bisection. It allows for Ramsey to be generalized to
repeated flips a biased coin, although we won’t do it here.
⟨X, ≾,⌽⟩ is said to be a continuous bisection structure with bisection

operation ⌽ if and only if ⌽ is a binary operation on X and the following
seven conditions axioms for all w, x, y, and z in X:

1. Weakly Ordered Continuum: ⟨X, ≾⟩ is a Weakly Ordered Continuum.
2. Idempotence: w⌽ w ∼ w.
3. Intern: If x ≺ y then x ≺ x⌽ y ≺ y.
4. Solvability: There exist u and v in X such that u⌽ x ∼ v⌽ y.
5. Monotonicity: x ≺ y if and only if x⌽ z ≺ y⌽ z, and

x ∼ y if and only if x⌽ z ∼ y⌽ z .
6. Commutativity: x⌽ y ∼ y⌽ x.
7. Bisymmetry: (w⌽ x) ⌽ (y⌽ z) ∼ (w⌽ y) ⌽ (x⌽ z). (Bisymmetry is

illustrated in Figure 11.1.)

Theorem 6 Suppose𝔛 = ⟨X, ≾,⌽⟩ is a continuous bisection structure. Then
𝔛 and𝔑 = ⟨ℝ,≤,⊕⟩ are isomorphic, where⊕ is the binary operation on
ℝ such that for all r and s inℝ

r⊕ s = 1
2 (r + s).
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a a ⚬ b

(a ⚬ b) ⚬ (c ⚬ d)

(a ⚬ c) ⚬ (b ⚬ d)

a ⚬ c b ⚬ d c ⚬ db c d

Figure 11.1 The figure illustrates the special case where commutativity
also holds, a ∘ b = b ∘ a, etc., making ∘ a bisection operation.

Proof. Theorem 10 of section 6.9 of Krantz et al. (1971) and theorem 2.1
of Luce and Narens (1985).1

11.4 Making Magnitude Production Indirect

The nineteenth-century Utilitarians and economists considered the direct
measurement of pleasure to be untrustworthy beyond supplying ordinal
rankings. So did twentieth- and twenty-first-century economists, many
in psychology—particularly psychophysicists—as well as researchers
involved in the foundations of science. Nevertheless, direct measurement
remains a primary tool today for measuring well-being, often through
rating scales employing statistical analyses computed through non-ordinal
statistics requiring the data to be measured on a ratio or an interval scale.
Foundational justifications, if given at all, tend to rely on Stevens’ theory or
ideas similar to it.

1 The first four axioms of theorem 10 of section 6.9 of Krantz et al. (1971) easily follow
from the Conditions 1 to 7. The remaining axiom (the Archimedean Axiom) follows from
Theorem 2.1 of Luce and Narens (1985).
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Stevens’ method of magnitude production—where a subject is asked for
a stimulus x and positive number p to find a stimulus y that is experienced
as being “p-times as intense than x”—is a convenient tool for obtaining data
about subjective intensity. Stevens thought that using this kind of data to
measure y as the measurement of x multiplied by p led to a ratio scale having
the same scientific legitimacy as those found in science, for example in
physics. He and others generated a massive psychophysical literature show-
ing that his direct methods produce interesting, applicable, and reproducible
results. Fechner would have disdained these methods, and many in psy-
chophysics today also find them unscientific, despite their empirical validity
and usefulness. The theme of this section is that Stevens, and colleagues,
conclusions about the the psychophysical law being a power function follows
from the kind of data they collected, but if proper measurement-theoretic
foundations are employed, a different and empirically more accurate law will
result—often a power law with a different exponent.

This section follows ideas of Narens (1996) that take magnitude produc-
tion data of the same sort used by Stevens, but use it through a represen-
tational theory approach to produce an indirect method that yields a ratio
scale. It is expected, and is shown in a case involving model comparison,
that the representational theory approach provides a better fit to data.

Stevens’ rules for assigning numbers to magnitude productions are clear.
What is not clear, however, is what else is needed to produce a rigorous
algebraic account of what is being assume by his magnitude production
procedure for it to yield a ratio scale. Narens (1996) develops a theory for
this.

He first isolates two principles that he believes are inherent in Stevens’
direct methods of measurement. Although these principles are not stated
explicitly by Stevens, they, according to Narens, are implied by,

(i) his data collection methods,
(ii) his methods of statistical analysis, and
(iii) the conclusions he drew from his experimental research.

Let 𝒮 be the scale resulting from magnitude production using Stevens’
method.

Principle 1: 𝒮 is a ratio scale family that adequately measures the
observer’s subjective intensity of stimuli in X.
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Stevens’ apparently believed that a ratio scale resulted because the subjects
are estimating ratios. While results of this section suggest that this is the
case, there is, however, a big difference between (i) guessing a correct result
and justifying it through word-play, and (ii) justifying it through an accepted
mathematical-empirical theory.

Principal 2: For each t in X, there is a function 𝜓t in 𝒮 such that (i)
𝜓t(t) = 1, and (ii) for each x in X, if the subject’s behavior is that she
produces x as the response to “p-times t,” then 𝜓t(x) = p.

Theorem 8 below shows that Principles 1 and 2 imply the “Multiplicative
Property” defined below. Empirical results discussed later show the the Mul-
tiplicative Property fails for human judgments for standard psychophysical
stimuli. Narens (1996) diagnosed the problem being in Principle 2, which
is at the heart of Stevens’ method of magnitude production. The following
clarifying notation is helpful for explaining why.

Throughout the rest of this section, the following notation is used for all
t and x in X and positive integers p: fp(t) = x if and only if x is the subject’s
response to “Find the stimulus x that is p-times in intensity to stimulus
t.” fp is called a magnitude production function. Note that in terms of 𝜓t in
Principles 1 and 2,

fp(t) = x if and only if 𝜓t(x) = p. 11.2

For some purposes the notation “fp” is more revealing, and for others the
notation “𝜓t” is more revealing.

Definition 7 Multiplicative Property: For all for t in X and all positive
integers p and q,

fq[fp(t)] = fq⋅p(t).

The Multiplicative Property is easy to check in the data, if appropriate
data has been collected to decide it. It says that for p = 2 and q = 3 that
producing two times the subjective magnitude of t followed by three times
that magnitude should be the same as producing six times that magnitude.
Tests like this weren’t done by Stevens and the psychophysics community
until relatively recently. And, as described below, the p = 2, q = 3 test fails



OUP CORRECTED PROOF – FINAL, 29/6/2020, SPi

116 the pursuit of happiness

dramatically. This causes serious foundational problems for Stevens’ theory,
because of the following theorem:

Theorem 8 Suppose 𝒮 is a scale of representations from X onto ℝ+ satisfying
Principles 1 and 2. Then the Multiplicative Property holds.

The proof of Theorem 8 is given in Appendix 11.
Consider the following example that tests the Multiplicative Property: A

sound x is produced that is perceived as twice as loud as t, and the sound
y that is perceived as three times as loud x, should yield a sound z that
is perceived as six times as loud as t. Empirical results of Ellermeier and
Faulhammer (2000) and others show that such z are produced that are
perceived as being more like twelve times as loud, as opposed to six. This
is a very large discrepancy. Zimmer (2005) found similar results using 1

2
, 1

3
,

1
6
, and 1

12
. Experimental tests of the Multiplicative Property has been tested

many times in several sensory domains by several laboratories. In particular,
it fails for loudness and brightness.2

Narens (1996) predicted that the Multiplicative Property would likely fail.
He suggested it be replaced by a weaker principle for evaluating magnitude
production that he called the “Commutativity Property.” It is implied by the
Multiplicative Property.

Commutativity Property: For all for t in X, and all positive integers p, q,

fq[fp(t)] = fp[fq(t)].

For p = 2 and q = 3, the Commutativity Property says that for a stimulus
t, the response to produce “2 times t” followed by “3 times t” is the same as
“3 times t” followed by “2 times t.”

Narens (1996) showed the following theorem.

Theorem 9 Assume Commutativity Property. Then there exists a ratio scale 𝒮
of representations on X and a function W from ℝ+ onto ℝ+ such that for
all x in X, positive integers p, and 𝜑 in 𝒮,

𝜑[fp(x)] = W(p) ⋅ 𝜑(x). 11.3

2 See Luce et al. (2010) for references.
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When W(p) = p, Equation 11.3 reduces to Stevens method magnitude
production.

Call ⟨X, ≾, fp⟩p∈I+ a magnitude production structure, where ⟨X, ≾⟩ is a
WeaklyOrdered Continuum and the fp aremagnitude production functions.
Narens (1996) gave an indirect measurement account of magnitude produc-
tion structures that resulted in Equation 11.3 with W(p) = p. This produces
the same result frommagnitude production data that onewould obtain using
Stevens’ method of measurement. But Narens’ version did not use Stevens’
method. He used the Representational Theory. Most of his assumptions
were simple, obvious ordinal ones, for example, t ≾ fp(t), or assumptions
necessary for mapping onto the positive real numbers. The following three
are the main ones in need of empirical justification:

(1) For all t in X, f1(t) = t.
(2) The Multiplicative Property.
(3) The Commutativity Property.

The theorem that results with (1) and (2) is that there exists a ratio scale 𝒮
such that Equation 11.3 holds with W(p) = p. Narens also showed that the
replacement of theMultiplicative Property with the Commutativity Property
then yields the more general theorem, there exists a ratio scale 𝒮 such that
Equation 11.3 holds.

When explicitly tested for, (1) fails in some loudness experiments.3 How-
ever, it holds in brightness experiments. The apparent reason for the failure
in loudness is that the two stimuli must be given successively for evaluation.
In brightness, they can be presented simultaneously. A model comparison
test involving distance and area judgments was conducted in Bernasconia et
al. (2008), involving Equation 11.3 and Stevens’ method. Both statistically
fit the data. Equation 11.3 provided a better fit than Stevens’ method.⁴ (2),
the Multiplicative Property, generally fails, but the Commutativity Property
generally holds.⁵

3 Steingrimsson and Luce (2012).
⁴ They also tested a more complicated psychophysical model of Luce (2004) that predicted

commutativity on the same data and found its fit couldn’t be distinguished from Narens but was
better than Stevens. (This model of Luce’s is briefly described in Section 11.8.)

⁵ See Luce et al. (2010).
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11.5 Ramsey’s Utility Theory Revisited

Utilitarianism measures pleasure with utility functions. Its literature and
more recent developments—for example, Von Neumann-Morgenstern—
have provided a variety of ideas for doing this. This section looks at using
bisection structures from theRepresentationalTheory ofMeasurement (Sec-
tion 11.3) for this purpose. When accompanied by ideas employed by
Ramsey in Section 7.2, this volume, a rational theory is produced. In order
to carry this out in detail, a formal structure and some formal definitions are
needed.

Let E be an Ethically Neutral Event in the sense of Ramsey (e.g., a flip of
a fair coin),⁶ Ē its complement, X0 be a set of pleasurable stimuli, ≾ a weak
ordering that orders X0 by pleasurableness, and u be a utility function that
preserves ≾.

For x and y in X0, let (x,E, y) be the gamble of receiving x if E occurs and y
if Ē occurs, that is, E doesn’t occur. Such gambles based on ethically neutral
events E and ranging over all x and y in X0 are called (neutral) gambling
operators. Intuitively, u(x,E, y) should be half-way between u(x) and u(y);
that is, the gambling operator (x,E, y) should correspond to a bisection
operator⌽ on ⟨X, ≾⟩. “Half-way” here means that the subject is indifferent
between (x,E, y) and (x, Ēy).This iswhat is behindRamsey’s utility theory for
binary outcome ethically neutral gambles. However, bisection measurement
theorywas not around at Ramsey’s time, and he had to invent his own version
of it.

Three measurement theories for utility that use the idea of bisection will
be developed and compared:

(i) A utility theory using bisection and Stevens’ philosophy.
(ii) A utility theory based on standard experimental methods using the

representational theory.
(iii) A rational interval-scale utility theory in the spirit of Ramsey using

the representational bisection measurement.

Stevens’ method, (i), proceeds by fixing x ≺ y and assigning numbers to
x and y, say 1 to x and 2 to y. These numbers fix a utility function. (They
can be changed to any pair of number p and q as p < q with x being assign

⁶ The definition of an Ethically Neutral Event is provided later.
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to p and y to q.) The subject is asked to find the mid-point between x and
y. Say she picks z. Then the experimenter assigns 1.5 to z, the number that
is mid-point between 1 and 2. The experimenter then asks the subject to
find the mid-point between z and y and assigns 1.75 to it. The experimenter
asks the subject to find the w such that x is the mid-point between w and
z, and assigns .5 to w. By continuing in this manner the experimenter can
produce a measuring function that measures each pleasure in X0 within
an arbitrarily small error. Note that in (i), data is collected in a manner so
that all that is needed to be checked is the bisection choice was between the
presented pleasures to be bisectedwith respect to≺. From this it is apparently
concluded or assumed that the subject understood the instruction to bisect
and produced a theoretically appropriate response.

Representational bisection theory, (ii), proceeds somewhat in the same
manner as (i), except there are more rigorous tests for saying, “The sub-
ject carried out bisection in an appropriate manner.” These consist of also
testing the measurement theoretic axioms for bisection and commutativity.
Section 11.3 presents an exact description of the Representational Theory’s
axiomatization of bisection. A subject can succeed in matching the criteria
for doing bisection in (i) but fail in (ii), for example, bymeeting all the axioms
for a bisection structure except for the axiom of bisymmetry,

(x⌽ y) ⌽ (z⌽ w) ∼ (x⌽ z) ⌽ (y⌽ w),

or the axiom of commutativity,

x⌽ y ∼ y⌽ x.

The theory behind (ii) correctly captures the semantics of “bisection” as far as
is possible for concepts formulated in terms of X0,≾, and⌽. This is because
Theorem 6 says ⟨X, ≾,⌽⟩ is isomorphic to ⟨ℝ,≤,⊕⟩, where r⊕ s = 1

2
(r+ s).

In other words, (ii) captures the correct behavior according to the correct
semantics of “bisection” relative to ≾ and⌽, whereas (i) only captures part
of it. The act of bisecting can further be specified and tested by providing
additional concepts to the setup. This was for Ramsey here by the inclusion
of neutral gambling operators.

We will assume for a rational agent for which all neutral gambling oper-
ators with outcomes in X0 produce identical bisections, and that these
bisections are the same as the bisections produced by ⌽ described in (ii).
This, as an assumption of rationality, has been questioned and argued
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about in the literature, with Ellsberg (1961) proposing counterexamples.
Because this section is only concerned with hedonic utility and not decision
utility, we can be very selective in the kinds Ethically Neutral Events to be
considered. In particular we need not compare what Ellsberg would call
ambiguous Ethically Neutral Events, for example, a flip of a coin coming up
heads of which we have no knowledge whether or not it is biased, with an
unambiguous neutral ethical event, for example, a flip of a known fair coin
coming up heads. So we will assume that all the Ethically Neutral Events to
be considered are unambiguous and avoid the potential difficulties raised by
Ellsberg.ThenAppendix 11.3 presents a bisection version of Ramsey’s theory
for two-outcome esthetically neutral events.

11.6 Torgerson’s Conjecture

Torgerson (1961) used data from his own experiments and others to con-
clude that at some fundamental level experimental subjects do not distin-
guish ratios from differences:

Several years ago, Garner (1954) tried to get subjects first to set a variable
stimulus between two standard stimuli so that the successive differences
were equal, and second, to set the variable so that the successive ratios were
equal.That is, first, so thatV−S1 = S2−V, and second, so thatV/S1 = S2/V.
For most of his subjects—thirteen out of eighteen—the value set for the
variable was the same in the two conditions: Equal subjective intervals were
also equal subjective ratios. . . .

These results are all consistent with the notion that the subject perceives
only a single quantitative relation between stimuli. When this relation is
interpreted as either a psychological distance or a psychological ratio, it
can be shown that the subjective magnitudes obey the properties of the
corresponding commutative group—the addition group for the distance
interpretation and the multiplication group the ratio interpretation.

(pp. 204–5)⁷

⁷ A similar observation about the necessity of comparing pairs when measuring value
was made the nineteenth-century Utilitarian philosopher Samuel Baily. It was based on the
exchangeability of economic commodities instead of psychology:

As we cannot speak of the distance of any object without implying some other object
between which and the former this relation exists, so we cannot speak of the value
of a commodity, but in reference to another commodity compared with it. A thing
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Torgerson’s conclusion is often called Torgerson’s Conjecture. There are
many experiments supporting it and some contradicting it. Many of the sup-
porting studies are based on direct measurement techniques, raising issues
about their validity. These are resolved by developing indirect approaches.
For example, Birnbaum and Mellers (1978) observed that if subjective ratios
and differences were qualitatively the same, as suggested by Torgerson, then
they had to be ordered the same manner. In particular,

D(a, b) < D(c, d) iff R(a, b) < R(c, d), 11.4

where D(x, y) is the judged numerical difference between x and y, R(x, y)
their judge numerical ratio.Thus if Equation 11.4 holds, directmeasurement,
which takes the size of these numbers to correctly correspond to a veridical
scale of subjective intensity, cannot be valid, for example, 2− 1 < 10− 8 but
10
8
< 2

1
.

The failure of direct measurement is not surprising. It has been sus-
picious as a measurement technique from the beginning of experimental
psychology. But the holding of Equation 11.4—a consequence of Torgerson’s
Conjecture—is nevertheless surprising.Why should directmeasurement fail
in such a way to yield the strong law expressed by Equation 11.4?

There have been many very carefully performed studies—several with
seasoned, sophisticated, psychophysical subjects—that demonstrated the
Conjecture. There are also some that show the Conjecture is wrong. In any
case, this literature should make one pause about accepting conclusions
requiring difference judgments necessarily be interpreted as differences or
ratio judgments definitely interpreted as ratios. Birnbaum (1990) writes,

Torgerson (1961) theorized that the dispute between Stevens’ law [the
Power Law] and Fechner’s[the logarithm law] was a dispute over theory,
not data. Data that would support Fechner’s law under the subtractive
interpretation would support Stevens’ law under the ratio interpretation.
Torgerson’s argument went further: if subjects only perceive a single rela-
tion between stimuli despite variations in the task, then the choice between
the subtractive and the ratio theory (and therefore between Fechner and
Stevens) would be a decision, not an empirical discovery.

(p. 50)

cannot be valuable in itself without reference to another thing, anymore than a thing
can be distant in itself without reference to another thing.

Baily (1825: 5)
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11.7 Representation as a Convention

11.7.1 Alternative physical measurement

Section 4.5 presented Von Kries’s view about the choice of unit for JND
measurement, where Von Kries took the position that measuring by a
representation having equal JNDs did not follow from empirical facts. It was
a convention. The Representational Theory of Measurement takes a similar
position:The choice of the numerical representing structure is arbitrary.This
choice is up to the theorist and is made for convenience or for some reason
external to the measurement process. Any numerical structure isomorphic
to the chosen numerical structure would do just as well.

As an example, consider themeasurement of length. Figure 11.2 shows the
essential qualitative relationships for the the continuous extensive structure
𝔛 = ⟨X, ≾,⊕⟩, for measuring length. Here X is the set of measuring rods
and ⊕ is the operation of concatenating rods by abutting one to another in
a linear order. It turns out that for classical physics, fundamental physical
attributes like length can be appropriately measured by different continuous
extensive structures on the same attribute. Although such measurement
yields different ratio scales on the same physical attribute, it does not in any
serious way affect the quantitative aspects of physics. Krantz, et al. (1971)
wrote the following about this:

As Ellis (1966) pointed out, at least one other totally different interpretation
of concatenation also satisfies the axioms [for a continuous extensive struc-
ture on lengths] and so leads to an additive representation; this measure of
length is not linearly related to the usual one. Campbell (pp. 290–294 of
1957 edition) discussed other examples of a similar nature.

To present Ellis’ interpretation we begin with a collection of rods. Let
[the concatenation] a ∗ b be the hypotenuse of the right triangle whose

u

u ~ v x ≻ y x ⊕  y ~ z

x z y

zyv

(a) (b) (c)

Figure 11.2 Linear concatenation of rods.
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sides are a and b. The comparison relation ≿ is determined by placing
two rods side by side, with one end coinciding, and observing which one
extends at the other end [(a) and (b) in (Figure 11.2)]. Using properties
of right triangles it is easy to verify that [the axioms of a continuous
extensive structure] are satisfied. The only property that might present a
slight difficulty is associativity. It is explained in (Figure 11.3) where the
lines are labeled by their lengths in the usual measure. Since [the axioms of
a continuous extensive structure are] satisfied, [an additive representation
results], hence there is a measure 𝜓 that is order preserving and additive
over this new concatenation. Since the usual measure 𝜙 is also order
preserving, 𝜓 and 𝜙 must be monotonically related, and by the properties
of triangles it is easy to see that 𝜓 is proportional to 𝜙2.

To most people, the new interpretation seems much more artificial
than the original one. In spite of this strong feeling, neither Ellis nor the
authors know of any argument for favoring the first interpretation except
familiarity, convention, and, perhaps, convenience. We are used to length
being measured along straight lines, not along the hypotenuses of right
triangles, but no empirical reasons appear to force that choice. Indeed, we
could easily reconstruct the whole of physics in terms of 𝜓 by replacing all
occurrences of 𝜙 by 𝜓

1
2 . This would make some equations appear slightly

more complicated; others would be simpler. In fact, when 𝜙2 happens to be
the more convenient measure, it is common to assign it a name and to treat
it as the fundamental measure. Examples are the moment of inertia and
the variance of a random variable. In the present case, if a and b are rods,
the squares with side a and with side b can be concatenated by forming the
square on the hypotenuse; 𝜙2 will be an additive (area) measure for such
concatenation of squares.

(Krantz et al. 1971: 87–8)

(a
2 + b2 + c2)½

(a
2 + b2)½ (b

2 + c2)½

a

a
b

b

c

c

(a
2 + b2 + c2)½

(a) (b)

Figure 11.3 (a) Orthogonal concatenation for lengthmeasurement and
(b) illustration of the associativity property.
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This idea generalizes to other dimensions and powers. It is based on the
following foundational idea from an area of physics know as “dimensional
analysis”: All physical dimensions are products of powers of a small number
of basis dimensions. For example, momentum, mv, is the product of basis
dimensions of mass, m, and velocity, v; energy, mv2, the product of basis
dimension mass, m, and the square of the basis dimension velocity, v2, etc.
The principle that there are many physically equivalent ways of measuring
each physical dimension follows from the fact that the continuous extensive
structure used to measure each basis dimension through an additive repre-
sentation 𝜑 has, for each power s ≥ 1, an alternative continuous extensive
structure with the same domain and additive representation 𝜃 such that
𝜃 = 𝜑s.⁸ This fact about alternative continuous extensive structures and
powers of additive representations that are used in the next section.

11.7.2 The Equivalence Principle

Fechner characterized psychophysics as a form of duality that had a physical
structure of stimuli and a psychological structure of sensations.These existed
independently of one another. Psychophysics then proceeded by describing
the function that related the physical measurements of stimuli to the psycho-
logical measurements of the sensations they engendered. Qualitatively, this
is represented as a single structure,

𝔉 = ⟨X ∪ Y,X, P1, . . . , Pn,Y,R1,Rm, F⟩,

where ⟨X, P1, . . . , Pn⟩ is the structure used to measure the physical stimuli,
⟨Y,R1,Rm⟩ is the structure used tomeasure the the psychological sensations,
and F is a one-to-one function from X onto Y. While this captures how
psychophysics is generally formulated, it violates the dualism that keeps
psychology and physics separate, because the psychophysical function F
belongs neither to the psychology nor the physics.

Narens and Mausfeld (1992) models matters so that F is not a primitive
relation. Instead, it is a function whose existence and proprieties are deriv-
able from from assumptions that are formulated in terms of relations that are
about purely physical matters or purely psychological matters. They change
the formulation of psychophysical structure to the following:

⁸ See Narens and Mausfeld (1992) for a discussions.
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𝔛 = ⟨X, P1, . . . , Pn,R1, . . . ,Rm⟩

is a psychophysical structure with substructures XΦ = ⟨X, P1, . . . , Pn⟩ for
measuring the physical situation and XΨ = ⟨X,R1, . . . ,Rm⟩ for measuring
the psychological responses to presentations of stimuli from X. They call
this kind of psychophysical structure separable. In the separable case, the
set of physical stimuli X is common to both structures. In XΦ they are
regular physical objects undergoing physical measurement; in XΨ they are
psychological stimuli presented for psychological intensity evaluation. The
Ri are psychological relationships on psychological stimuli. They are behav-
ioral objects. Their phenomenology only enter in through theory, if they are
interpreted—as Fechner would want them to be—as being an isomorphism
of relations on sensations induced by the presence of physical stimuli. This
phenomenological interpretation isn’t needed for doing psychophysics, and
most modern studies eschew it.

Separable representations make clear what is being assumed in terms
of purely physical and purely psychological relations. These relations are
sometimes combined in a statement stating a psychophysical law. Weber’s
Law provides an example.

Consider the psychophysical structure 𝔛 = ⟨X, ≤1,⊕, ≾⟩, with physical
continuous extensive structure XΦ = ⟨X, ≾1,⊕⟩ and psychological con-
tinuous semiorder XΨ = ⟨X, ≺⟩. Let ≾∗ and T respectively be the weak
ordering induced by ≺, and let T be ≾’s threshold function. Let 𝜙 be an
additive representation for XΦ and 𝜓 be a JND representation for XΨ. Then
the following theorem holds.

Theorem 10 The following three statements are logically equivalent:

1. Weber’s Law: There exists c > 0 such that for all x in X,

𝜙[T(x)] − 𝜙(x)
𝜙(x) = c.

2. ≾1 = ≾∗ and 𝜓(x⊕ y) = 𝜓(x) ⊕ 𝜓(y).
3. 𝜓 = log𝜙.

Note that Statement 2 of Theorem 10 uses only primitives from 𝔛𝜙 and
𝔛𝜓 and a JND representation of𝔛𝜓.
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Theorem 10 does not depend on the physical structure used to measure
X. It only depends on

(i) X being the domain of any continuous extensive structure,
(ii) X being weakly ordered by identical physical and psychological

relations, and
(iii) the JND representation 𝜓 and the physical concatenation operation

⊕ satisfy 𝜓(x⊕ y) = 𝜓(x) ⊕ 𝜓(y).

Thus any continuous extensive structure satisfying (i)–(iii) will produce the
same result in Theorem 10 for 𝔛Ψ. This makes Weber’s Law a law about
the physics of the situation and not just a “law” that depends a particular
way—among many ways—of measuring the physical situation. Narens and
Mausfeld (1992) call the generalization of this idea to separable psychophys-
ical situations the Equivalence Principle. It causes difficulties for some kinds
of conclusions psychophysicists draw aboutWeber constants or exponents of
power laws in cross-modal situations.⁹ For example, one cannot say that for
a particular subject, modality 1 has greater sensitivity to smaller differences
in stimulation than modality 2, because the Weber constant for modality
1 is smaller than the Weber constant for modality 2, This is because the
size of Weber’s constant depends on which alternative physical continuous
structure is being used to measure the stimulus.

11.8 Cross-Modality Measurement

The above example of Weber constants illustrates the difficulty inherent
in comparing different psychophysical dimensions in terms of dimension-
less constants. Additional structure beyond the constants is needed. One

⁹ Narens and Mausfeld (1992: 475) comment,
It should be noted that although most psychophysical researchers have ignored the
potential problems involved in the choice of scale of the physical variable in deter-
mining psychophysical power functions, a few (e.g., Krueger, 1991; Myers, 1982;
Weiss, 1981, 1989), have directly commented on this issue and noted that because of
it, many kinds of psychophysical comparisons across modalities are not properly
founded. Our methods for reaching similar conclusions are different, are more
rigorously founded in theory, and are base exclusively on how the psychological and
the physical are related using the Equivalence Principle.
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type of additional structure used by psychophysicists is to have subjects
make direct comparisons of subjective intensities across dimensions. This
is like the Utilitarian issue of comparing different kinds of pleasures. Intra-
comparability issues like these can be formulated in a number of ways.
This section uses the following formulation of Narens (2006): When can
two scales of a given type of an underlying continuum be combined into a
single scale of the same type? This way of formulating matters transforms
what is often stated as somewhat obscure problem into a well-defined
mathematical one.

Recall the following quote from Edgeworth’s from his 1881 Mathematical
Psychics that maintains utility can be measured in a single dimension of
intensity × time:

Utility, as Professor Jevons says, has two dimensions, intensity and time.
The unit in each dimension is the just perceivable [Wundt, Physiologi-
cal Psychology] increment. The implied equation to each other of each
minimum sensible is a first principle incapable of proof. It resembles the
equation to each other of undistinguishable events or cases [Laplace, Essai–
Probabilities, p. 7] which constitutes the first principle of the mathematical
calculus of belief. It is doubtless a principle acquired in the course of
evolution. The implied equatability of time intensity units, irrespective of
distance in time and kind of pleasure, is still imperfectly evolved. Such is
the unit of economical calculus.

(p. 7)

Edgeworth employed equal JNDmeasurement as amethod formeasuring
pleasure.Themethodwas well-thought of in nineteenth-century psychology
and is still in use for constructing psychophysical scales. Von Kries objection
to equality of JNDs having the same size still holds. So far, the empirical
research on thematter is consistent with Edgeworth’s position that the equal-
ity of JNDs is incapable of proof. Some, however, consider it an empirical
matter. For example, in a review of psychophysical research Teghtsoonian
(2012) writes the following about cross-modal equal JNDs:

What is being assumed is that a JND defined on one of those [physical]
continua will be matched by a JND on the other. Indeed, it is an empirical
question that, to my knowledge, has yet to be tested.

(p. 170)
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Edgeworth also assumed the commensurablity of JNDs between people on
the same and different dimensions and that people had different capacities
for pleasure.

In order to make ideas about commensurability clear, let’s formulate
matters mathematically so that we can carry out deductions that may not
be obvious in ordinary language—that is, prove theorems about commensu-
rability.

We start with the case where Persons 1 and 2 are on the same weakly
ordered physical continuum of stimuli, ⟨X, ≾Φ⟩. We suppose they have,
respectively, continuous semiorders ≺1 and ≺2 giving rise to induced order-
ings and threshold functions on X, ≾∗,1, ≾∗,2, T1, and T2, respectively. It is
assumed that the psychophysical law,

≾Φ = ≾∗,1 = ≾∗,2,

holds. The issue then becomes: Under what conditions does a joint JND
representation 𝜓 for ≺1 and ≺2 exist? That is, When does there exist 𝜓 is such
that for all x and y in X,

x ≺1 y if and only if 𝜓(x) + 1 < 𝜓(y),

and for some positive r,

x ≺2 y if and only if 𝜓(x) + r < 𝜓(y)?

This is strictly a mathematical question.
Narens (1994) provided the following necessary and sufficient answer:

When T1 and T2 commute, that is, when for all x in X,

T1[T2(x)] = T2[T1(x)]. 11.5

Equation 11.5 is easy to test. If it holds then ≺1 and ≺2 have a common
representation 𝜓 representing the JNDs for ≺1 so they are 1 apart and
representing the JNDs for ≺2 so they are r apart.

Without loss of generality, suppose 1 ≤ r. For Edgeworth, if x for Person 1
is approximated at n JNDs—making her utility for comparison purposes n
for x—then for Person 2, x is approximated at r

n
—making his utility r

n
for

x. (The case of r < 1 is handled in the same way.) Thus, if commutativity
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holds, then the same utilities result as those calculated using Edgeworth’s
JND representations. But in this case, commutativity, which is a principle
that is capable of verification or refutation, is assume instead of Edgeworth’s
“incapable of proof ” Axiom.

If instead of commutativity, the stronger condition that both Persons 1
and 2 semiorders satisfy Weber’s Law (which implies commutativity by a
simple calculation) is assumed, then the same result about intercompara-
bility resulting from commutativity holds.

The above case is about the comparability of JNDs of two individuals on a
single dimension of stimuli. What about two on two dimensions? There are
various kinds comparisons:

(1) A single agent comparing intensities on two dimensions of physical
stimuli. This is called an intrapersonal comparison.

(2) An agent comparing her subjective values of pleasure with another
agent’s subjective values of pleasure. This is called an interpersonal
comparison.

(3) An external agent (e.g., a social planner) making the comparison.

(2) and (3) have no counterpart in psychophysics, but are central consid-
erations in ethics. Psychophysics achieves equivalents of (1) through cross-
modality judgments.1⁰

The Utilitarians from Bentham onward were aware of the difficulty of
the measurement issues involved in the cardinal comparisons of the sizes of
different kinds pleasures. Some thought that because they can be ordinally
compared, they could be put on the same scale and thus their cardinal
measurement would, theoretically, require nothing different than in the

1⁰ The following is an example by Luce et al. (2010) that does this through magnitude
productions:

Narens (1994, 1996, 2006) describes how ratio scalability is equivalent to various Commuta-
tivity Properties. In particular, Narens (2006) suggests a method for showing how separate ratio
scales can be combined into a single ratio scale by way of Commutativity Properties. Luce et al.
(2010) and Steingrimsson et al. (2012) carried out experiments testing this idea for comparing
loudness of different tones and brightness of different colors. They found that each tone had its
own ratio scale for loudness and that these could be compared through cross-modal magnitude
judgments, that is, judgments like, “Find the tone in dimension 2 that is twice as loud as this
tone from dimension 1.” They found their qualitative commutativity conditions to hold, which
is mathematically equivalent to the existence of a common ratio scale for both dimensions of
tones, and they found similar results held for brightness of different colors. However, there were
subtleties that raised serious coherence concerns. These and a summary of their methods and
results are given in Appendix 11.4.
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measurement of a single kind of pleasure. But, as the Luce et al. (2010) and
Steingrimsson et al. (2012) showed, this view is too simplistic.

11.9 Intrapersonal Psychophysical and Utility Aggregation

Bentham and the Utilitarians thought that different pleasures experienced
by an individual could be combined to produce an aggregate pleasure.
They took the utility of this aggregate to be the sum of the utilities of the
individual pleasures. However, they did not provide a sound justification
for this or any other form of aggregation. As discussed earlier, related issues
occur in psychophysics; for example, aggregating the loudness of tones from
different frequencies into a single loudness measure, or the the brightness of
different colored lights into a single brightness measure. Individual utility
aggregation is discussed in Appendix 11.5. It assumes the existence of a
common scale for the aggregate and its dimensions. The following issue is
its focus: How do meaningfulness considerations limit the mathematical form
of the aggregating function. This is looked at for the case of the aggregation
of two utility functions from a single person. Similar ideas and methods will
apply to psychophysical stimuli as well to the aggregation involving more
dimensions. Chapters 12 and 13 consider utility aggregations across different
people.

11.10 Psychophysical Measures: Concluding Remark

This chapter presented some of the psychophysical measurement techniques
used in modern psychophysics. The measurement theory behind them is
now well-understood. Bentham would have liked to see rigorous measure-
ment applied to all kinds of pleasure and pain. He would have liked to
knowwhether thesemeasurements then agreed, to provide a robust scientific
concept.Wehave to say thatmost of this programof empirical psychophysics
remains to be carried out.11

11 One small exception. In the 1960s, Ekman carried out experiments where two differ-
ent measurement techniques were used, and then the relationship between the results were
analyzed. The methods were essentially direct ratio estimation, and a sophisticated version of
JND measurement. One experiment measured moral repugnancy of various scenarios; others
measured degrees of beauty. Ekman found the scale from one kind of measurement agreed with
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In contrast, many contemporary studies of pleasure and pain, happiness
and well-being just blast away, get some numbers, and treat them as if they
had some absolute meaning. Issues of measurement and meaningfulness
seem to be forgotten. “What is this pain on a scale of 1 to 10?”, “How pleasant
is this on a scale of 1 to 10?” just don’t cut it. We can do better.

Appendix 11.1. Cantor’s Continuum Axiomatization

Quantitatively, a continuum is a finite or infinite interval of real numbers.
It the domain of most models in mathematical science. Its qualitative,
foundational properties were laid out in Cantor (1895). The following is a
version of Cantor’s treatment for a weak ordering without endpoints.

Definition 11 (continuum) ⟨X, ≾⟩ is said to be aWeaklyOrdered Continuum
if and only if the following four statements hold:

1. Weak Ordering: ≾ is a weak ordering on X.
2. Unboundedness: ⟨X, ≾⟩ has no ≾-greatest or ≾-least element.
3. Denumerable Density: There exists a denumerable subset12 Y of X such

that for each x and z in X, if x ≺ z then there exists y in Y such that
x ≺ y and y ≺ z.

4. Dedekind Completeness: ⟨X, ≾⟩ Dedekind complete.13

Theorem 12 (Cantor’s Continuum Theorem) 𝔛 = ⟨X, ≾⟩ is a Weakly
Ordered Continuum if and only if there is a function 𝜑 from X onto ℝ+

such that for all x and y in X,

x ≾ y if and only if 𝜑(x) ≤ 𝜑(y).

Proof. Cantor (1895). (A proof is also given in theorem 2.2.2 of Narens
1985.)

This theorem is true if ℝ+ is replaced by any interval of reals without
endpoints, including ℝ. It is an immediate consequence of Theorem 12

the log of the scale from the other. This supports Torgerson’s Conjecture that was discussed in
this chapter.

12 That is, a subset Y that is in one-to-one correspondence with the positive integers.
13 That is, each ≾-bounded nonempty subset of X has a smallest ≾ upper bound.
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that the set of representations from 𝔛 onto ⟨ℝ+, ≤⟩—or, equivalently, onto
⟨ℝ,≤⟩—is an ordinal scale.

As customary in psychophysics and utility theory, unless explicitly stated
otherwise, we will assume and model ideal cases where stimuli are on a
continuum.

Appendix 11.2. Derivation of the Multiplicative Property

Proof. Let 𝜓t(x) = p, 𝜓x(y) = q, and 𝜓t(y) = r. By Principles 1 and 2, let s be
a positive real such that

𝜓x = s ⋅ 𝜓t.

Then

1 = 𝜓x(x) = s ⋅ 𝜓t(x) = s ⋅ p

that is,

s = 1
p .

Thus,

q = 𝜓x(y) = s ⋅ 𝜓t(y) =
1
p ⋅ 𝜓t(y) =

1
p ⋅ r,

in other words, r = p ⋅ q. In terms of fp and fq this yields,

fq[fp(t)] = fq⋅p(t).

Appendix 11.3. Ramsey’s Theory

Throughout this section, let A and B be probabilistically independent ethi-
cally neutral events. As previously,

• X0 is a set of pleasurable stimuli.
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The goal is to construct an interval-scale utility function on X0 using a
bisectionmeasurement so that the utility of the gambles (x,A, y) and (x,B, y)
are the bisections of the utilities of x and the utilities of y. To do this, we need
additional concepts. The first extends the notion of “gamble of pleasures” to
include “gambles of gambles of pleasures”: Let

• X1 be X0 ∪ the set of gambles of the form (x,A, y) and (x,B, y), where x
and y are in X0;

• X be the set of gambles of the form (x,A, y) and (x,B, y), where x and y
are in X1; and

• ≾ be a binary relation on X.

x ≾ y is interpreted as before as “y gives at least as much pleasure to the agent
as x.”

The following axiom is assumed about ≾:

• Weakly Ordered Continuum: ⟨X, ≾⟩ is a Weakly Ordered Continuum.

This assumption of Weakly Ordered Continuum simplifies the statement
of the needed representation and uniqueness theorem. It can be weakened
to produce a more general result.

The next two axioms follow from the above and the definition of “ethically
neutral” and the fact that the complement of an Ethically Neutral Events is
ethically neutral.

Suppose A and B are ethically neutral. Then for all x and y in X,

• Insensitivity Across Ethically Neutral Events: (x,A, y) ∼ (x,B, y) .
• Ethically Neutral Complement: A is ethically neutral if and only if Ā is.

We assume a rational agent who understands that A and B are ethically
neutral and probabilistic independent events. We take the next four
axioms to be rational. One of these—Monotonicity, which has a similar
role as independence in the Von Neumann-Morgenstern system—has
been objected to by some serious theoreticians. The remaining three
axioms—Equivalence of the Ethically Neutral Events, Intern Operation,
and Commutativity—are immediate rational consequences of the concept
“ethically neutral.”
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The following axioms hold for all x, y, z, and w in X:

• Monotonicity: Let y and z be in X1 and E = A,B. Then (i) y ≺ z if
and only if (x,E, y) ≺ (x,E, z), and (ii) y ∼ z if and only if (x,E, y) ∼
(x,E, z).

• Equivalence of Ethically Neutral Events: (x,A, y) ∼ (x,B, y) ∼ (x, B̄, y) ∼
(x, Ā, y).

• Intern: If x ≺ y then x ≺ (x,A, y) ≺ y, x ≺ (x,B, y) ≺ y, x ≺ (x, B̄, y) ≺
y, and x ≺ (x, Ā, y) ≺ y.

• Idempotent: (x,A, x) ∼ x.
• Commutativity: (x,A, y) ∼ (y,A, x) and (x,B, y) ∼ (y,B, x).

To formulate “bisymmetry,” gambles of gambles have to be considered.
Let A and B be ethically neutral probabilistic independent events. Then the
equation,

((x,A, y),B, (z,A,w)) = (x,B ∩ A; y,B ∩ Ā; z, B̄ ∩ A;w, B̄ ∩ Ā), 11.6

stands for the following: Left side of Equation 11.6: If B occurs, then the
gamble (x,A, y) is played. If then A occurs, x is received; if instead Ā occurs,
then y is received. If B̄ (instead of B) occurs, then the gamble (z,A,w)
is played. If then A occurs, z is received; if instead Ā occurs, then w is
received.The right-hand side of Equation 11.6 states exactly this in a different
notation, where a term of the form “p,F” stands for receiving pleasure p if
event F occurs. Similarly,

((x,A, z),B, (y,A,w)) = (x,B ∩ A; z,B ∩ Ā; y, B̄ ∩ A;w, B̄ ∩ Ā). 11.7

Because by probabilistic independence B ∩ A, B ∩ Ā, B̄ ∩ A, and B̄ ∩ Ā
should all be given the same weight (i.e., probability 1

4
) in determining the

utilities right-hand sides of Equations 11.6 and 11.7, one sees that the right-
hand sides describe the same state of affairs, and therefore the left-hand sides
describes the same gamble, that is,

• Bisymmetry: ((x,A, y),B, (z,A,w)) ∼ ((x,A, z),B, (y,A,w)) holds.

To insure the existence of an appropriate utility function onto the real
numbers, the following axiom is needed:
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• Solvability: If x ≺ y, then there exist p and q in X0 such that x ∼ (p,A, y)
and y ∼ (x,A, q).

Define⌽ on X as follows: for all x and y in X and E = A, Ā,B, B̄,

x⌽ y = (x,E, y).

It then follows from Insensitivity Across Ethically Neutral Events that ⌽ is
an operation onX. It follows from the above assumptions that𝔛 = ⟨X, ≾,⌽⟩
is a bisection structure.1⁴ Thus by Theorem 6 there exists a representation u
from an interval scale of representations from 𝔛 onto the reals ℝ such that
for all x and y in X,

u(x⌽ y) = 1
2 [u(x) + u(y)].

Appendix 11.4. Cross-Modality Commutativity

Let ⟨X, ≤1⟩ and ⟨Y, ≤2⟩ be continua,X∩Y = ∅, p and q be> 1, andw = fp(x)
stand for the subject is presented stimulus x from X and w is the stimulus in
X that the subject produces in response to “Find the stimulus in Y that is
p-times as intense as x.” In a similar manner z = 𝛽q(y) is defined for stimuli
y from Y. Also cross-modal magnitude judgments z = Fp(x) are considered:
“For x in X find the z in Y that is p-times intense as x.” (Lower case English
letters will be used for magnitude production functions on X; lower case
Greek letters for magnitude functions on Y, and upper case English letters
for cross-modal magnitude functions from X into Y.) Suppose ratio scales
representations 𝛾 and 𝜓 have been determined, respectively, on X and Y
through magnitude functions based on them. Luce et al. (2010) investigated
the following question: When do these determine a ratio scale on X ∪ Y?
Their answer is, when

𝛼q[Fp(x)] = 𝛽p[Fq(x)] . 11.8

1⁴ This means that 𝔛 satisfies Weakly Ordered Continua, Monotonicity, Commutativity,
Bisymmetry, and Solvability with A, B, Ā, and B̄ replaced by⌽.
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Equation 11.8 is called cross-modal commutativity. One starts with x in X.
Then finds y = Fp(x) in Y that is p-times intense as x; then find z in Y that is
q-times as intense as y. Cross-modal commutativity says that if the additional
magnitude judgments, “Find w = Fq(x) in Y that is q-times intense as x,”
followed by “Find v inY that is p-times intense asw,” then z = v. It is phrased
as starting from X. Another form starts from Y, but is not needed for the
following theorem.

Theorem 13 There exists a ratio scale Δ on X ∪ Y such that Δ restricted to X
is 𝛾, Δ restricted to Y is 𝜓, and for each p, the image of Fp under Δ, Δ(Fp),
is interpreted as a ratio.

The natural interpretation of Theorem 13 is that the subject has a single
internal intensity ratio scale Δ for measuring her subjective intensities for
stimuli from X and Y. Luce et al. (2010) show for loudness of different tones
and Steingrimssion et al. (2012) show for brightness of different colors that
Theorem 13 holds experimentally. Note that this theorem does not require:

fp, interpreted as a ratio under Δ [i.e., Δ(fp)) = 𝛾(fp)], 11.9
= 𝛼p, interpreted as a ratio under Δ [i.e., Δ(𝛼p)) = 𝜓(𝛼p)],
= Fp, interpreted as a ratio under Δ [i.e., Δ(fp))].

Let’s call Equation 11.9 cross-modal production coherence. Luce et al. and
Steingrimsson et al. showed that it failed in their experiments. For example,
they took an x from X, found a y in Y that was F2(x) and then found a z that
was 𝛽3(y). Starting again with x in X, they found an a in X that was f2(x) and
a b in X that was f3(a). They then asked the subject to find the stimulus c in
X that was the same intensity as z = 𝛼3[F2(x)] in Y. In all cases, Δ(z) was
larger than Δ(c), contradicting Equation 11.9.

Luce (2004) developed a model that predicted the holding of Theorem 13
and the failure of cross-modal production coherence. His model works as
follows: Instead of representing the magnitude production function fp as a
ratio r, where

r = 𝜓[𝜙(y)]
𝜓[𝜙(x)]

where 𝜙 is the physical intensity function, 𝜓 is the psychological intensity
function, and y = fp(x), Luce (2004) represents it as,
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r = 𝜓[𝜙(y)] − 𝜓[𝜙(e)]
𝜓[𝜙(x)] − 𝜓[𝜙(e)] ,

where e is a constant—called the reference point—that depends on the
continuum X and not on x and y. Narens’ model is the special case of Luce’s
where 𝜓[𝜙(e)] = 0. Thus, in Luce’s modeling, changing continua can change
reference points, and this can produce a failure of cross-modality production
coherence, as seen in the Luce et al. (2010) and Steingrimsson et al. (2012)
experiments. For a complete exposition, see Luce et al. (2010).

It is natural to interpret Theorem 13 and cross-modal production coher-
ence in terms of a ratio scale representation Δ of an internal subjective scale
𝒮 on the subject’s sensations that arise from stimuli inX∪Y. Stimuli x fromX
and y fromY are said to bematched if and only ifΔ(x) = Δ(y). It is reasonable
to expect if empirically tested for by asking subjects to “Choose the y inY that
matches x in X in subjective intensity,” produces such a match. We say that
cross-modal ordinal coherence holds for Δ when for w and x in X and y and z
in Y,

w ≤1 x if and only if Δ(w) ≤2 Δ(x),

and similarly for y and z in ⟨Y, ≤2⟩.
It is cross-modal production coherence that is potentially problematic. In

the above experiments, it fails. It can fail in different ways, but the analysis
of the failure provided next extends to all the ways. To be specific, suppose
the failure results from finding x, a, y, and b are such that f4(x) = a and
g4(y) = b, and

Δ(x) = Δ(y) and Δ(a) ≠ Δ(b).

Then for a stimulus z, in computing Δ(z), the subject does not compute the
pure subjective intensity of z, but computes the intensity of z using properties
from the dimension that z came from. The subject is not able to abstract
the intensity from the stimulus or, put differently, ignore in making her
judgment on properties of the stimulus that are irrelevant to the cardinal
size of the subjective intensity of the stimulus. She, however, still can make
coherent ordinal intensity judgments (i.e., cross-modal ordinal coherence
may hold), and have all the stimuli simultaneously measured on a ratio scale
(Theorem 13).
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There are many psychophysical studies that show the holding of cross-
modal ordinal comparability.The above Luce et al. (2010) and Steingrimsson
et al. (2012) studies are the only ones we know of that tests cross-modal
production coherence. We conjecture that cross-modal production coher-
ence will fail for different kinds of pleasure. This would cause problems for
classical Utilitarianism.

Appendix 11.5. Aggregation of Utilities for a Single Individual

The utility situation under consideration is where a person—call him
Adam—has a utility representation U over states of the world. He wants
to coordinate with another person—call her Eve—to achieve a perceived
joint maximum utility over states x and y when Nature provides him with x
and Eve with y. He doesn’t know Eve’s utility scale V, but he has a cognitive
representation of it, which is denoted byUe. It is measured by Adam in terms
of his utility representation U. (Chapter 13 discusses a way Ue might arise.)
Thus if Ue(y) > U(x), then Adam perceives y has having more value to Eve
than x has for him. Because Ue is measured in terms of U, it undergoes the
same set of scale transformations as U; thus if U is properly transformed by
T, then Ue is also appropriately transformed by the same transformation T,
and vice versa.This provides us with ameans to evaluate themeaningfulness
of functions that depend on U and Ue.

The following is the main difference between Adam’s utility situation
and a psychophysical one: In the psychophysical situation, the measurement
representation is founded on Adam’s perception of his sensations; in Adam’s
utility case the measurement part involving Ue is founded on the cognitive
representation he uses to model Eve’s utility judgments. In both situations,
there is a single mind viewing the same scale on two different measurement
representations. We call this kind of aggregation intrapersonal. It should be
distinguished from interpersonal aggregation, which is the aggregation of
two utility functions from different minds. Meaningfulness considerations
involving interpersonal aggregations are discussed in Chapter 12.

Let Ja[U(x),Ue(y)] stand for Adam’s subjective aggregation of the utility of
x, U(x), with his perception of Eve’s utility for y, Ue(y). Call Ja Adam’s joint
aggregation function. The scale for Ja could be one that Adam uses, or an
outside observer such as a social planner might use, or in the psychophysical
case, a scale that the experimenter might use. If Adam is a classical Utilitar-
ian, then he would use the Utilitarian Sum,
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Ja[U(x),Ue(y)] = U(x) + Ue(y),

for measuring his and Eve’s joint aggregation. As we will see, this sum itself
is not meaningful under interval scalability, but comparisons of it are:

U(x) + Ue(y) ≤ U(z) + Ue(w).

Utilitarianism only needs comparisons of sums of utilities; it wants to
improve joint utilities or find a maximal one, and comparisons are all that
is needed for this. But under interval scalability it doesn’t make sense to say
one joint sum is double another, anymore than 10∘C is double 5∘C.Todouble
meaningfully, one needs a ratio scale or an absolute scale.

A theoremwill show that if Ja is interval-scalemeaningful, then it is greatly
restricted—somuch so that it is useless for joint utility aggregation. If instead
Ja is ratio scale meaningful, then its meaningfulness is also greatly restricted,
but less so and in a different manner than the interval-scale case.

The argument for the interval scalable case depends on the following three
assumptions:

(i) U and Ue are onto the real numbers.
(ii) Ja[U(x),Ue(y)] is strictly increasing in U(x) and Ue(y).
(iii) Ja and Je aremeaningful under any transformation chosen from their

common set of interval-scale transformations.

A little algebraic manipulation, of equation 3.5 of Luce and Narens (1985:
27) to this situation yields the following theorem:

Theorem 14 All solutions for the aggregating function Ja[U(p),Ue(q)] satis-
fying assumptions (i)–(iii) above have the following form∶

Ja[U(p),Ue(q)] =
1
2U(p) + 1

2Ue(q) + c|U(p) − Ue(q)|, 11.10

where 0 ≤ |c| < 1
2
.

Equation 11.10 can be rewritten as,

Ja[U(p),Ue(q)] = aU(p) + bUe(q), 11.11
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where 0 < a < 1 and 0 < b < 1.1⁵This violates Adam’smoral imperative that
the joint aggregation should not leave both him and Eve worst off than they
would be if they did not participate in the joint aggregation; that is, Adam
should not engage in a collaborative relationship with Eve if he believes
the result of the collaboration will always provide less utility for each of
them than both acting separately. While this principle makes moral sense
for Adam’s utility theory, its equivalent in some psychophysical situations
fails empirically.

A less stringent concept of meaningfulness is to require Ja to be only order
meaningful instead of meaningful. Then, as discussed earlier,

Ja[U(x),Ue(y)] = U(x) + Ue(y)

is order meaningful, because for r > 0 and s real,

r[U(x) + Ue(y)] + s ≤ r[U(w) + Ue(z)] + s
iff [(rU(x) + s) + (rUe(y) + s) + s] ≤ [(rU(w) + s) + (rUe(z) + s) + s]
iff rU(x) + rUey) ≤ rU(x) + rUe(w)
iff U(x) + U(y) ≤ U(w) + U(z).

Theorem 14 shows that interval scalability greatly restricts set of pos-
sibilities for meaningful aggregating functions. Ratio scalability, however,
provides a weaker form of invariance and consequently a wider variety
of meaningful aggregating functions. There are also good theoretical and
empirical reasons for assuming ratio scaled utility.1⁶ However, ratio invari-
ance is still strong enough to severely restrict the form of the aggregation
utility function if other general conditions is assumed. The following theo-
rem is from Cohen and Narens (1979: 216), which provides an example of
one of these.

Theorem 15 Suppose J is ratio scale meaningful on the non-negative real
numbers and has the power series expansion,

J(w, z) = ∑
i,j

bijwizj,

1⁵ If U(p) ≥ Ue(q) then 0 < a = 1
2
+ c < 1 because |c| < 1

2
, and 0 < b = 1

2
− c < 1 because

|c| < 1
2
, and similarly for the case where U(q) ≥ Ue(p).

1⁶ For example, see Luce (2000).
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where w and z range over the positive reals, i and j range over the non-
negative integers, and J(0, 0) = 0. Then

J(w, z) = b01w + b10z.

Furthermore, if J is strictly increasing in each variable, then b01 and b10 are
positive.1⁷

A special case of Theorem 15 is when

J = Ja and Ja[U(x),Ue(y)] = U(x) + Ue(y).

This provides a natural version of Sum Utilitarianism from Adam’s perspec-
tive, because it looks like Adam is engaging in a subjective form of Sum
Utilitarianism.

Most scholars in economics and philosophy assume utility is measured
on an interval scale. But some in these disciplines and many in psychology
believe ratio scales are more appropriate. If we assume ratio scalability and
restrict Adam’s joint utility to the large class of joint utility functions having
power series representations, then, by Theorem 15, the only possibilities are
functions of the form,

Ja[U(x),Ue(y)] = rU(x) + sUe(y). 11.12

Because Ja is strictly increasing in each variable, r and s are positive. It is
natural for Adam to take into account the context in which x and y are
realized. For example, if Adam and Eve are on a date, then being with Eve
may enhance the joy x brings to Adam thus increasing U(x) from what

1⁷ Proof. From J(0, 0) = 0 it follows that b00 = 0. Let r be a positive real. Then, because J is
meaningful,

rJ(w, z) = J(rw, rz),
and thus

rJ(w, z) − J(rw, rz) = 0
for all w and z. In terms of the power series representation, this yields,

r∑
i,i

bijwizj −∑
ij

bi,j(rw)i(rz)j =∑
i,j

bi,jwizj(r− rirj) = 0.

By assumption b00 = 0. If either i > 1 or j > 1, then r − rirj ≠ 0, and thus bij = 0. Thus
non-zero terms can only occur when i = 0 and j = 1 or when i = 1 and j = 0. In such a case
all other terms are 0. Thus for all positive w and z,

J(w, z) = b01w+ b10z.
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he would have experienced separately. One might be tempted to choose
a r > 1 in Equation 11.12 to capture this enhancement. But it won’t
work. It says that all elements of X are enhanced by the same proportion
r, and this is unreasonable. More reasonable is for Adam to distinguish x
experienced alone, call it “x no date” or “xnd” for short, from x experienced
on a date with Eve, “xd,” and expand X to X′ include these and other context
influenced elements, and similarly for Ue. Then assume that we started with
the expanded domain instead of X. Equation 11.12 then becomes,

Ja[U(x),Ue(y)] = U(x) + Ue(y) = Ja[Ue(y),U(x)]. 11.13

The resulting commutativity of Ja expressed in Equation 11.13 can be viewed
as a moral rule. Note that the assumptions behind it did not directly invoke
aggregation additivity. It instead followed from ratio scalability, meaning-
fulness, strict monotonicity in each variable, and having a power series
for Ja[U(x),Ue(y)] with J(0, 0) = 0—none of which individually suggest
commutativity.
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12
Product Utilitarianism and an Old-New

Way to Measure Utility

Now suppose happiness to consist in doing or choosing the greater,
and in not doing or in avoiding the less, what would be the saving
principle of human life? Would not the art of measuring be the
saving principle; or would the power of appearance? Is not the
latter that deceiving art which makes us wander up and down and
take the things at one time of which we repent at another, both in
our actions and in our choice of things great and small?

(Socrates in Protagoras)

To precise the ideas, let there be granted to the science of pleasure
what is granted to the science of energy; to imagine an ideally
perfect instrument, a psychophysical machine, con tinually regis-
tering the height of pleasure experienced by an individual, exactly
according to the verdict of consciousness, or rather diverging there
from according to a law of errors. From moment to moment the
hedonimeter varies; the delicate index now flickering with the
flutter of the passions, now steadied by intellectual activity, low
sunk whole hours in the neighbourhood of zero, or momentarily
springing up towards infinity. The continually indicated height is
registered by photographic or other frictionless apparatus upon a
uniformly moving vertical plane. Then the quantity of happiness
between two epochs is represented by the area contained between
the zero-line, perpendiculars thereto at the points corresponding to
the epochs, and the curve traced by the index.

(Edgeworth in Mathematical Psychics)

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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12.1 Introduction

Pleasure can bemeasured, andmeasurement of pleasure can be used as a tool
for improving our lives. This is an old idea that Edgeworth recast in terms of
integral calculus. For him, pleasure does not come in particles, to be counted
as did Bentham, but rather as a continuous quantity. The total pleasure of an
episode is the integral of pleasure intensity over time. This idea can be resur-
rected in modern form, not from neurobiology, but rather from preferences.
The resulting theory goes some way towards delivering a meaningful form
of Utilitarianism. Meaningful aggregation of utilities, which eludes us on the
VonNeumann-Morgenstern approach is now possible, with some twists and
turns and some restrictions.

We revisit Edgeworth’s hedonimeter by connecting and generalizing two
ideas.1 The first is that there is a representation theorem possible for hedonic
value similar to, but also importantly different from, the one provided by
Von Neumann and Morgenstern to measure decision-based utility. The idea
is to use objective duration, in place of objective chance, to measure hedonic
value. This line of thought is developed in Kahneman Wakker et al.’s (1997)
“Back to Bentham.” We pursue a somewhat different development of the
same basic idea. These representations for hedonic value deliver a stronger
kind of scale than Von Neumann-Morgenstern utility, because there is a
natural zero point, whereas in Von Neumann-Morgenstern the choice of
zero point is arbitrary.2 Hedonic utility is measured on a ratio scale. On
the Von Neumann-Morgenstern approach, utility is measured on a weaker
interval scale.

The second idea is that measurement on a ratio scale allows a kind of
meaningful aggregation of utilities over a group. For aggregation to be
meaningful it must give results that are invariant over arbitrary choices of
parameters of the measurement scales for individuals comprising the group.
The natural zero of the hedonic value scale makes a kind of Utilitarian
aggregation of pleasures meaningful that is not meaningful on an interval
scale. This is aggregation by product of individual utilities.3 More precisely,
the ordering of aggregate pleasure by product is invariant over choice of unit.
We emphasize that we now have meaningful aggregation without postulating

1 Ideas on this chapter come from Skyrms and Narens (2019).
2 One way in which we differ from Kahnemann et al., is the way we identify a natural zero

point, They postulate a zero intensity for pleasure. We find a natural zero in a null episode.
3 Or equivalently by sum of the logarithms of individual utilities.
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interpersonal comparisons of utilities. Since this is aggregation by product
rather than sum, it is not quite classical Utilitarianism, but it is closely related.

Aggregation of pleasures (of positive hedonic values) by product has
Prioritarian consequences. That is to say that under Product Utilitarianism,
to increase aggregate utility it is especially important to help those worse off.
It has been independently proposed for this reason. Adler (2011) contains an
extensive discussion. The idea is so natural, it has been invented a number of
times in different contexts. In 1950 John Nash proposed and axiomatically
justified his bargaining solution, which finds a solution to his bargaining
problems by choosing the point that maximizes the product of utilities. The
disagreement point, where no bargain is struck, serves as a zero.⁴ This is
generalized to the Nash Social Welfare Function by Kaneko and Nakamura
in 1979.⁵ To get their zero, they postulate “one of the worst states for
all individuals that we can imagine.”⁶ It was recently rediscovered as in
theoretical computer science as a fair way to allocate network resources.⁷ In
these contexts, allocation of zero quantities of physical resources gives the
natural zero point. We see a lot of different kinds of “zeros” here. But from
theUtilitarian standpointwe have been exploring so far, the zero in the utility
scale cannot be simply postulated at will. We will bear this in mind in what
follows.

When all individuals have negative hedonic values (net pain) meaningful
aggregation is still possible, but Priotarianism is lost (and indeed reversed.)
When some individuals have positive hedonic values and others negative, all
sensible aggregation seems impossible. Restricting ourselves to the positive
case, aggregation of pleasures becomes complicated when hedonic value is
mixed with uncertainty. Meaningful aggregation is still possible, but can be
done in two different ways, and they are not equivalent.

The representation of hedonic value saves some parts of classical Utilitari-
anism asmeaningful, but not others. It should be of interest to proponents of
Utilitarianism, as well as opponents, to see what survives as meaningful and
what is meaningless. For instance Parfit’s “lives barely worth living” assumes
a non-arbitrary zero point. Nozick’s (1974) “UtilityMonster” assumes a non-
arbitrary unit. The latter assumption is meaningless on the kind of hedonic
utility developed here. Both aremeaningless onVonNeumann-Morgenstern

⁴ Nash (1950).
⁵ Kaneko and Nakamura (1979).
⁶ p. 423.
⁷ Vazirani, V. (2007): ch. 5.
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utility measurement. But here we do have a non-arbitrary zero point. Does
Parfit’s point survive? We will return to this question later in the chapter.

12.2 Episodes

let us begin with saying: Pleasure is comprised under two dimen-
sions, Intensity and Duration.

(Bentham in Halévy 1995 [1901]: vol. 1, appendix II, p. 302)

For Bentham and Edgeworth the primary bearers of utility for an individual
are episodes. They are characterized by the times they begin and end, their
intensity and duration of pleasure.⁸ Duration is the interval of time between
their beginning and end. Intensity need not be constant, it is some function
over time. Leaving pain to the side for the moment, for Bentham the utility
of an episode is gotten by “summing up” the constituent pleasure intensities.
In Edgeworth, utility of an episode becomes the integral of pleasure intensity
with respect to time, evaluated from the beginning to the end of the episode.⁹

We immediately notice a property of this scheme that may seem counter-
intuitive; order does not matter: If episode 2 comes from episode 1 by permut-
ing two sub-episodes of positive duration, then it is a matter of indifference
between episode 1 and episode 2. This may appear to fly in the face of the
commonplace that the order of experiences makes a difference in judged
overall pleasure. The Benthamite would reply that this confuses order of the
experiences that engender pleasure with the order of pleasure intensity. You
may like an appetizer before entrée before main before dessert better than
other permutations of the courses, but this just shows that permutations
of courses do more than permute sub-intervals of pleasure intensity: They
change the intensities of pleasure within those sub-intervals.

The second of Bentham’s “sovereign masters” is pain. Pains are compared
just as pleasures are:

If of two pains a man would as lief escape one as the other, such two pains
must be reputed equal.

(Bentham in Halévy 1995 [1901]: vol. 1, appendix II, p. 302)

⁸ In this section, we take time to be objective. Of course, if we take it as subjective rather than
objective—as Bentham did—the situation becomes more complicated.

⁹ The idea is clear in Edgeworth’s (1879) Mind article and in Edgeworth’s (1888 [1881])
appendix III of Mathematical Psychics.
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In a purely painful episode, the total pain would be the integral of pain
intensity over time.

We may have episodes that combine both pleasure and pain. How are
they to be treated? First we have to ask what kinds of combinations are
possible. We may have episodes that are pleasurable for a stretch of time and
painful for a stretch. Can we have also episodes that are both pleasurable to
some extent and painful to some extent at the same time? How do pleasure
and pain interact in determining the utility of an episode? Is it possible
that someone might prefer a pleasure with a small amount of pain to pure
pleasure?

Bentham insists that the interaction of pleasure andpain is purely additive.
Thus,

If of two sensations, a pain and a pleasure, a man would as lief enjoy the
pleasure and suffer the pain, as not enjoy the first and not suffer the latter,
such pleasure and pain must be reputed equal.

(Bentham in Halévy 1995 [1901]: vol. 1, appendix II, p. 302)

and

Sum up all the values of all the pleasures on the one side, and those of all
the pains on the other. The balance, if it be on the side of pleasure, will give
the good tendency of the act upon the whole, with respect to the interests
of that individual person; if on the side of pain, the bad tendency of it upon
the whole.1⁰

That is to say that pleasure and pain are put on the same scale, with
pleasure intensities being positive values and pain intensities being negative
values. The hedonic value of an episode is the integral of this hedonic value
function over time, and may itself be positive, negative or zero. There is a
modern representation theorem for just this conception of hedonic value.

12.3 Representation of Hedonic Value

We discuss this in two stages. In the first we choose some fixed time
period and draw out the parallel with the Von Neumann-Morgenstern

1⁰ Bentham(1789): ch. IV, section V. The setting here is different. Bentham is thinking of
JNDs. But the principle is clear.
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representation. Then we proceed to episodes of variable duration. To
start, recall Von Neumann-Morgenstern from Section 7.1. There is a set of
prospects. A subject is assumed to have preferences over chance distributions
over prospects. (These are sometimes called “lotteries” to provide a vivid
image of the objective chances, but no actual lottery procedure is implied.)
Under the assumption that preferences are a total ordering of these
“lotteries” that satisfies independence and continuity conditions,11 it is
shown that a utility exists such that preference over lotteries goes by their
expected utilities.The expected utilities for two lotteries are equal just in case
the subject is indifferent between them. The expected utility of one is higher
than another just in case the subject prefers it to the other. The utilities
are unique up to arbitrary choice of zero and unit. If we add or subtract a
constant to all utilities we get the same preferences, and if we multiply all
utilities by a positive constant, we get the same preferences. The position of
the zero point, and the size of a unit on the scale do not derive any empirical
meaning from the preference ordering. This is an interval scale.

Compare hedonic episodes over a fixed time period, one hour or one day
or one year. Hedonic intensities are analogous to prospects. Episodes are
analogous to lotteries over prospects. An episode with with 2

3
of the time

at intensity A and 1
3
of the time at intensity B is like a lottery with chance 2

3
of

getting A and chance 1
3
of getting B. With some not inconsiderable idealiza-

tion of the psychology, the Von Neumann-Morgenstern representation (or
rather amodern generalization, see Kreps 1988: ch 5) can be applied.12There
is an integral representation of hedonic value of episodes. But at this point,
we have only an interval scale. Choice of zero and unit are still arbitrary.

Now consider the extension to measurements of hedonic values of inter-
vals of arbitrary duration. Two non-overlapping episodes can be concate-
nated to make a composite episode. Order does not matter. Measurement
at some fixed intensity proceeds just like measurement of length. Hedonic
value of episodes adds. There is an integral representation of hedonic value
of episodes along these lines in Kahneman et al. (1997) and Sarin and
Wakker (1997). Notice that no matter what the intensities, the null episode
of zero duration must have zero hedonic value. We now have a natural non-
arbitrary zero point for hedonic value of episodes. This gives a natural zero

11 Together with a few other technical conditions.
12 We are indebted to a reader for pointing out that continuity, completeness of the order,

and the Archimedean property are all psychologically questionable. These idealizations are far
from Bentham.
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for intensities, the intensity such that a positive duration of it is an episode
of the same hedonic value as the null episode. Hedonic values are now
measured on a scale with arbitrary unit, but a meaningful zero. This zero
can be taken as marking the Utilitarians’ divide between pleasure and pain.

12.4 Aggregation of Pleasures

Consider a stretch of time,where themembers of a group of finite size remain
constant. Assume that the net hedonic value of the episode for each member
of the group is positive. How can utility of the group be meaningfully quan-
tified? Bentham thought that we should take the sum of the hedonic values
of the individuals. On the foregoing account it cannot be as a sum, because
individual utilities are onlymeasured up to an arbitrary unit. Multiply Peter’s
units by one constant and Paul’s by another and, provided their interests
conflict, you may reverse the pair’s group preferences. Bear in mind that
on the account of measurement given in the last section, the units do not
correspond to anything in reality.Thus the ordering of Peter’s and Paul’s sum
is not meaningful.

The foregoing account, unlike that of Von Neumann-Morgenstern, has a
distinguished zero, and measures each individual’s utilities on a ratio scale.
Choice of unit is arbitrary, but choice of zero is not. We can now measure
aggregate utility for the group by the product of individual utilities rather
than the sum. Then multiplying Peter’s and Paul’s utilities by a positive
real number has the property that it preserves the numerical ordering of
the aggregates of individual episodes no matter which representation from
individuals’ ratio scales are used. For example, Suppose u is Peter’s utility
function and v is Paul’s, and for pleasures A and B, suppose u(A)v(A) ≤
u(B)V(B), u(A), v(B) positive. Multiply Peter’s utilities by one positive con-
stant c, and Paul’s by another, d, and we see that the scale changes cancel
out.13 The product is meaningful for aggregate orderings. We call such
product aggregation the Utilitarian Product.

Consider the following example comparing the Product and Sum Utility
aggregations. Suppose that Peter has utility 5 for A and 4 for B, and Paul

13 It turns out given standard continuity and monotonicity conditions for aggregation, then
any other aggregation that meaningfully preserved orderings yields the same ordering as taking
the product of utilities. This result holds for any number ≥ 2 of individual utility functions as
long as the individual utilities are all positive. See Aczél and Roberts (1989) for details and proof.
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has utility 2 for A and 3 for B. Peter prefers A; Paul prefers B. The group,
going by product, prefers B (4 × 3) to A (5 × 2), so the group preference
goes with Paul. Now we change Peter’s scale by multiplication by 100. Peter
now values A at 500 and B at 400. The group, going by product, has the same
preferences, preferring B (100 × 4 × 3) to A (100 × 5 × 2). The scale change
cancels out. Observe that if we had used the sum, rather than the product,
the scale change would have changed the group preference to favor Peter, 502
to 403. The sum is not meaningful for aggregate ordering; the product is.

Aggregation by product is not only meaningful for comparisons, but it
has properties of independent interest. It has been suggested by Adler1⁴ and
others for its Prioritarian flavor, as is evident in the following examples.

Suppose that a windfall has been found and the feasible social options
under consideration all give each member of the group positive utility. Then
we can use the product to aggregate. For instance, new trees appear in the
garden of Eden, and there is new fruit to distribute. Adam and Eve can enjoy
them over the time period in question. Distribution (A) gives Adam utility
1 on one version of his ratio scale, and Eve 20 on one version of hers, while
distribution (B) gives Adam 5 and Eve 5. We resist the urge to look at the
sum which is meaningless; we look at the product. Then (B), with a product
of 25 is socially preferable to (A) with a product of 10. If we multiply Adam’s
utilities by one positive constant and Eve’s by another, (B) is still preferable
to (A).Wemust note that by choosing the constants, we couldmake (A) look
more egalitarian than (B) because “egalitarian” doesn’t really mean anything
in this framework. Suppose that we multiply Adam’s utiles by 20, and leave
Eve’s alone.Then, in this representation, (A) looks egalitarian, butAdamdoes
so well in (B) that the aggregate good favors (B).

If we know that Adam’s utility (on some version of his ratio scale) is
a function of the quantity of some real or monetary good possessed, and
likewise for Eve, then we can do more. Consider the case of dividing $100
between Adam and Eve, with the proviso that each must get at least $1.
On some choice of units for their ratio scales, Adam’s utility function is
u($x) = x and Eve’s is v($x) = √x. In this case, if the Utilitarian Sum
were meaningful, the only Utilitarian Sum solution (the distribution that
maximizes the sum of their utilities) would be $99 to Adam and $1 to Eve.
The Utilitarian product solution is 2

3
$100 to Adam and 1

3
$100 to Eve.1⁵

1⁴ Adler (2011). Adler uses the Von Neumann-Morgenstern representation, and postulates
a zero on ethical grounds. His account is thus quite different in both motivation and character
from the one examined here.

1⁵ For more that can be done with special utility functions, see Appendix 12.1.
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We have a way of measuring hedonic value that, so far, allows meaningful
aggregation in an interesting way. But we have not yet considered pain.

12.5 Aggregation of Pain

Suppose a disaster is at hand and the members of the group will undergo
episodes that give each member net pain. To evaluate these scenarios we
need to aggregate negative hedonic values. Obviously we cannot simply
take the product, with the sign of the aggregate flipping back and forth as
each additional member is factored in. But meaningful aggregation is still
possible. We take the negative of the product of the absolute values of the
pains. Thus, if Adam and Eve have hedonic values –2 and –3, the aggregate
is –6. Pain can be aggregated in a perfectly meaningful way.

But wemust notice that the Prioritarian flavor of product aggregation that
has been remarked on in the aggregation of pleasures is now reversed. Adam
and Eve face two alternative scenarios which affect how they will share the
pain. Scenario (A) gives Adam utility –1 on one version of his ratio scale,
and Eve –20 on one version of hers, while distribution (B) gives Adam –5
and Eve –5. We again resist the urge to look at the sum which is meaningless
for comparisons. We aggregate as above. Then (A), with aggregate pain of
–20 is socially preferable to (B) with aggregate pain of –25.

Those who have advocated product aggregation on Prioritarian grounds
without taking pains into account should have food for thought.

12.6 Aggregation of Mixed Pleasure and Pain

Suppose that we wish to compare hedonic values for episodes in which some
members of the group have net pleasure and others have net pain. We can
meaningfully compare the pleasures and the pains separately, as shown in
the foregoing. There is an aggregate group pleasure and an aggregate group
pain. But how are they to be combined to get a group hedonic value?

We cannot simply subtract the group pain from the group pleasure
to get group hedonic value. This will not allow meaningful comparisons.
Multiplying individual’s hedonic values by arbitrary positive constants could
then reverse group hedonic ordering. On our way of measuring individual
pleasures and pains, this additive conception of group hedonic value is quite
without meaning.



OUP CORRECTED PROOF – FINAL, 29/6/2020, SPi

154 the pursuit of happiness

It is evident that the quotient, the value of group pleasure over the absolute
value to group pain, will not do either. A tiny amount of group pain would
blow up the quotient, giving the result that a state where someone would be
slightly unhappy would be better than one the same except that that person
was slightly happy. And since pain is measured on a ratio scale, there is no
meaningful distinction between aggregate pain less that 1 and aggregate pain
greater than 1. And what about zero pain?

We could try absolute value of group pleasure over 1 plus absolute value of
group pain.This would at least have the property that zero pain gives a group
hedonic value equal to total pleasure. But this does not yield meaningful
comparisons. Suppose that in scenario A, Eve gets pleasure of magnitude
2 and Adam pain of magnitude 1 and in scenario B Eve gets pleasure of
magnitude 1 and Adam is has neither pleasure nor pain. Adam is at 0.
Then Eve prefers A and Adam prefers B, and the proposed aggregation rule
counts them as, on balance, equal. But if we multiply Adam’s units by 10 the
aggregation rule favors B and, if we multiply them by .1, it favors A.

At this point we see no obvious way to combine group pleasure and pain
so that such combinations can be meaningfully compared. In what follows
we confine the discussion to positive hedonic values.

12.7 Parfit’s Counterexamples

The foregoing discussion deals with a fixed population. If the alternative
scenarios being evaluated involve different populations, then things are
different. In that context, Parfit (1984) raised a difficulty for Utilitarianism
thus:

For any possible population of at least ten billion people, all with a very
high quality of life, there must be some much larger imaginable population
whose existence, if other things are equal, would be better even though its
members have lives that are barely worth living.

(p. 388)

Parfit’s “lives barely worth living” presumably assumes a non-arbitrary
zero, dividing lives that are worth living from those that are not. According
to Von Neumann-Morgenstern utility there is no such zero; all the lives in
question could just as well be represented as having negative values; Parfit’s
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argument is meaningless for interval-scale utility. For this reason, modern
decision theorists do not think much of Parfit’s argument.

But here we do have a non-arbitrary zero point, and all the values assumed
in the argument are positive. We have a way of meaningfully aggregating
positive hedonic values. So one might well wonder whether we have not
made some version of Parfit’s argument, taking lives as hedonic episodes,
meaningful.

The answer is negative. A different kind of comparison is being made, and
we must be careful with meaningfulness in the context where we are adding
or subtracting members of the group. Adding a life with utility 2 doubles
the product; adding a life with utility .5 cuts it in half. But utility of 1 is not
meaningful when utilities are measured on a ratio scale. It is not meaningful
to ask whether adding a life with positive utility increases or decreases the
aggregate.

Parfit (1984) has another argument, in the same framework, against those
who would compare populations using the arithmetic average. A population
with a few extremely happy people has an average utility higher than one
which, in addition, has many people who are almost, but not quite, as happy.

Suppose that Adam and Eve lived these wonderful lives. On the Average
Principle it would be worse if, not instead but in addition, the billion billion
other people lived. [Note: Specified earlier as having a quality of life almost
as high.] This would be worse because it would lower the average quality
of life.

(p. 420)

On our measurement of pleasures for a fixed population comparisons
with the arithmetic averages are not meaningful, but the geometric mean1⁶
are. Consider Perfit’s second argument using the geometric mean. On one
representation, Adam has utility 101. We could add Eve who, on one repre-
sentation, would have utility 100. This would decrease the geometric mean
so, by Parfit’s second argument, it would argue for leaving Adam alone. But
Eve’s utilities could just as well be rescaled to 1,000, which would increase the
geometric mean. Or to 101, which would leave it unchanged. Likewise for all
those other people. In our measurement setting, both of Parfit’s arguments

1⁶ The arithmetic mean of n values is gotten by adding them together and dividing them by n.
The geometric mean is gotten bymultiplying them together and taking the nth root. It produces
the same ordering on the fixed population’s utilities as the product.
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fail to be meaningful.1⁷ It is not the size of a particular product or geometric
mean that is meaningful, but their comparison for the same population.

An anonymous reader made the interesting suggestion that a version of
Parfit’s first argument applies at the individual level. A long life with very
small intensity of pleasure throughout would have greater hedonic value as
an episode than a short life with high intensity of pleasure. This certainly
follows from the integral representation. We do not think that Bentham
would disagree. In fact, one of his arguments for the contemplative pleasures
was that they could be sustained over a long time.

12.8 Chance

In his (1822) Codification Proposal, and elsewhere, Bentham called attention
to the role of chance in evaluating prospects for future episodes. This is
where Bentham comes in contact with Von Neumann and Morgenstern. We
consider only the most tractable case of positive hedonic values. There are
still complications, but not insuperable difficulties.

Suppose that a Utilitarian’s choices do not determine a forthcoming
episode, but rather a gamble over possible episodes. How should she value
such gambles? Bentham says to take the expectation. This is not uncontro-
versial, but we pursue Bentham’s suggestion here. Suppose an individual’s
utilities are extended to probability distributions over possible episodes in
this way.

A social planner may also face choices of gambles over episodes. How
should the Utilitarian planner value such gambles? Two possible approaches
present themselves for positive utilities. Becausewe are assuming ratio scaled
utilities, footnote 13 applies, and thus we must use product aggregation or
a related aggregation principle that orders aggregations in the same manner
as the Utilitarian product in order to preserve meaningfulness. We will use
the product rule.

1⁷ A reader suggests that we may be somewhat unfair to Parfit, since he has a different
conception of utility from what we discuss. We would insist, however, that questions of
measurement and meaningfulness are still relevant for any conception of utility. In 2012: 203,
Parfit explicitly prescinds from such questions, and simply postulates numerical values.We have
shown that such questions cannot simply be ignored. See also the discussion of Parfit in Otsuka
(2015).
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(1) First, aggregate utilities of episodes by product; second, planner takes
expectations to get utilities of lotteries.

(2) First, individuals take expectations to get utilities of lotteries; second,
planner aggregates utilities of lotteries by product.

These two approaches do not give the same result.
We illustrate with a simple example:

• Adam has Utilities 1, 3, 5 for prospects A, B, C respectively.
• Eve has Utilities 5, 3, 1 from prospects A, B, C respectively.
• There is also a lottery < 1

2
A, 1

2
C>, giving A or C, each with

probability 1
2
.

(1) first aggregates prospects by product, giving 5, 9, 5 to A, B, C. Then
extends to lotteries by expectation, giving:

A B C < 1
2
A, 1

2
C >

5 9 5 5

(2) first has each individual extend to lotteries by expectation:

A B C < 1
2
A, 1

2
C >

Adam 1 3 5 3
Eve 5 3 1 3

Then aggregates by product:

A B C < 1
2
A, 1

2
C >

5 9 5 9

With each of the alternatives we lose a property of the social planner’s
Utilitarian evaluation of gambles that we might wish to retain:

• With alternative (2), the social planner is incoherent. Both A and C
have social utility 5, but a 50/50 gamble between them has utility
9 by the product rule. This violates the Von Neumann-Morgenstern
independence axiom.1⁸

1⁸ Most of those who have questioned the independence axiom would not welcome a
deviation in this direction. The social planner here is not risk averse but risk seeking.
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• With alternative (1), the social planner flouts consensus. Each individ-
ual is indifferent between preferring B to the lottery < 1/2A, 1/2C >.
But the social planner strictly prefers B to the lottery. This violates a
weak form of the Pareto principle.

Given the preceding, there are two, mutually exclusive, versions of Prod-
uct Utilitarianism. The choice between alternatives (1) and (2) is a choice
between group rationality and respect for group consensus. An advocate
of alternative (2) might argue that coherence is not all that important. A
proponent of alternative (1) might maintain that the prima facie plausibility
of the Pareto Principle does not hold up under examination. In somewhat
different contexts, both sorts of arguments have generated an extensive
literature.

Suppose one is not willing to give up either coherence or Pareto. And
suppose one follows Bentham in extending utility to gambles by taking
the expectation. Harsanyi’s theorem (1955) shows that one must be some
version of a Sum Utilitarian. In this case one would have to wrestle with the
meaningfulness issue that Product Utilitarianism solves.

Appendix 12.1. Primary Goods and Product Utilitarianism

Egalitarianism and Utilitarianism are commonly seen as competing
approaches to social philosophy. For instance, John Harsanyi is a kind of
modern Utilitarian and John Rawls is a kind of modern Egalitarian. One
should, however, not lose sight of the fact thatHarsanyi andRawls are talking
about different things. Harsanyi is talking about maximizing aggregate
Utility, and Rawls is talking about equal distribution of Primary Goods—
which are means to produce Utility. Rawls emphasizes that quantities of
primary goods are objectively measurable, and that he thus avoids any
necessity for interpersonal comparisons of utility. This raises the question of
the relation between the two. Something interesting can be said.

Suppose we confine ourselves to goods that can be traded, are measured
on a ratio scale, and are divisible. A distribution of bundles of goods among
members of society is envy-free if nomember of society would prefer another
member’s bundle to her own.1⁹ An envy-free distribution can evidently be

1⁹ Foley (1967).
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accomplished by each member of society having an equal portion of each
good. Each has the same bundle. This allocation of goods may well not
be Pareto optimal because people are different. Adam and Eve get equal
quantities of gin and equal quantities of vermouth, but Eve likes herMartinis
very dry and Adam doesn’t. Then there would be good reason for Adam
and Eve to trade, until they come to an equilibrium. At equilibrium, they
are still envy-free because they only trade when a trade is Pareto improving.
And at equilibrium they are at a Pareto optimal state, because if not they
would continue to trade. What we have just described is called competitive
equilibrium from equal incomes.2⁰ Remember that Pareto optimality means
that at equilibrium, they choose a distribution that some version of SumUtil-
itarianism would choose on some version of interpersonal comparisons. In
this sense, Rawlsian egalitarian endowment of primary goods is compatible
with Utilitarianism.

Under the conditions described, for a special class of utility functions,
there is also a connection with Product Utilitarianism. Suppose x and y
are quantities of two primary goods, and getting none of each gives zero
utility. Suppose the utility functions of members of society are homogeneous,
in the following sense. The utility, U(x, y), given by a bundle x of the first
good and y of the second good obeys U(ax, ay) = aU(x, y) for any positive
a. Then competitive equilibrium from equal incomes maximizes the Nash
Product. Remarkably, equal endowment of primary goods here leads to a
distribution that is envy-free, Pareto optimal, and that recommended by
Product Utilitarianism. The result holds for any number of divisible primary
goods.21

Many of the utility functions studied by economists are homogeneous. But
the power law utility functions motivated by psychophysics are not. Many
of utility functions’ interest in computer science, relevant to distribution of
computing power or network bandwidth, however, are. This has led to the
resurgence of interest in computer science in issues previously discussed by
philosophers and economists.22 Current research focuses on “lumpy” goods,
which are not arbitrarily divisible. There the picture is not so pretty. But
market mechanisms starting with equal endowments can still approximate
product Utilitarian distributions.23

2⁰ Varian (1974).
21 Shafer and Sonnenschein (1982): Theorem 3, p. 636).
22 For examples and discussion, see Moulin (2003: ch. 7).
23 Caragiannis et al. (2016).
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13
Dynamics of Convention

Sweet exists by convention, bitter by convention, colour by conven-
tion; atoms and Void exist in reality.

(Democritus)

13.1 Interpersonal Comparisons by Convention

We have seen just how far modern measurement theory, psychology, and
neurobiology can get us in attaching a definite meaning to Utilitarianism.
We have perhaps gotten further than many might expect with the Product
Utilitarianism of Chapter 12. It at least delivers a coherent view in the case of
positive utilities, even if that view is not exactly what classical Utilitarians had
in mind. The more orthodox theory of utility measurement in the manner
of von Neumann and Morgenstern, does less. It really adds nothing to what
one had on the purely ordinal view of utility; the only remnant of Utilitarian
moral theory that remains meaningful is Pareto dominance.

There is an alternative view, however, that we have not yet explored.1 We
can, indeed, make interpersonal comparisons of utility of this view, but these
comparisons are not findings of fact. Rather they are based on convention.
Meanings of words are conventional. Proper syntax is conventional. Social
norms are conventional. Might not interpersonal comparisons also be con-
ventional, or at least have an element of convention?

The idea had been floated in the literature. Lionel Robbins, a strict
Ordinalist regarding utility measurement, suggested it already in 1938 in a
note on interpersonal comparisons.2 Robbins confesses that he has always
been a “provisional Utilitarian,” who thinks that Utilitarianism is a best first
try at group moral judgments. But the interpersonal comparisons behind
the Utilitarian Sum are not based on scientifically ascertainable facts, but

1 Ideas in this chapter come from Narens and Skyrms (2018).
2 Robbins (1938).

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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rather are moral judgments. Social conventions might lead to one kind of
interpersonal comparison in one society and another in a different one.

John Harsanyi in 19553 agrees: “Professor Robbins is clearly right when he
maintains that propositions which purport to be inter personal comparisons
of utility often contain a purely conventional element based on ethical or
political value judgments.” But he then argues that when these conventional
elements are put aside, there remains an underlying objective psychological
basis for comparison. We have found such a basis remarkably difficult to
pin down.

Louis Narens and R. Duncan Luce make the suggestion in a stronger
form in a 1983 paper: “How we may have been misled into believing in
the interpersonal comparability of utility.”⁴ Narens and Luce suggest that
interpersonal comparisons may be purely conventional, while people believe
that they are objective. The conventions are not necessarily moral judgments.
People just believe that there is a truth of the matter, which there isn’t, and
blunder around until they fall into a convention, which they believe is the
truth. Multiple conventions are possible, and none is truer than another. Ken
Binmore, in his theory of the Social Contract, also has a conventional view
of interpersonal comparisons. The view presented in this chapter will have
much in common with Binmore.

We see that there are different versions of the view that interpersonal
comparisons are conventions. What would such conventions look like, and
how might social groups arrive at them?

13.2 Convention

What is a convention? Democritus’ definition is unavailable and, in any case,
might not be quite what we need. The best answer for our purposes was given
by David Hume:

And this may properly enough be called a convention or agreement betwixt
us, though without the interposition of a promise; since the actions of each
of us have a reference to those of the other, and are performed upon the
supposition, that something is to be performed on the other part. Two men,

3 Harsanyi (1955).
⁴ Narens and Luce (1983).
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who pull the oars of a boat, do it by an agreement or convention, though
they have never given promises to each other.⁵

All modern treatments are developments of Hume’s idea.
Two centuries later, after Von Neumann and Morgenstern had developed

the theory of games, the philosopher David Lewis used game theory to
give a modern formulation of Hume’s theory of convention.⁶ Lewis’ main
concern was the conventionality of linguistic meaning, and the claim that
logical truths are true by conventions of meaning. But he takes broad notice
of the sweep of conventions in social interaction. Lewis’ basic idea is that
the relevant social interaction is to be modeled as a coordination game,
and that a convention is a kind of strict Nash equilibrium of this game.
Anyone who unilaterally deviates from such an equilibrium suffers from
doing so. Conventions thus acquire a self-enforcing character, so long as the
individuals involved are cognizant of what is going on.

Lewis’ account has subsequently been refined and generalized, but the
basic ideas we have cited remain in subsequent accounts. The self-enforcing
property extends from a Nash equilibrium to a correlated equilibrium, where
individuals correlate their actions using an external random signal. And
using this leads to a correlated convention as proposed by Peter Vander-
schraaf.⁷ Equilibrium can be understood as a dynamic equilibrium of some
adaptive adjustment process, which leads to the transposition of these ideas
to evolutionary game theory, as seen in Sugden,⁸ Binmore,⁹ and Skyrms.1⁰
The evolutionary turn is already expressed informally in Hume:

Nor is the rule concerning the stability of possession the less derived
from human conventions, that it arises gradually, and acquires force by a
slow progression, and by our repeated experience of the inconveniences of
transgressing it.

We are led to ask not only what a convention of interpersonal comparisons of
utility might look like, but also by what adaptive process such a convention
might arise.

⁵ Hume (1738).
⁶ Lewis (1969).
⁷ Vanderschraaf (1995).
⁸ Sugden (2004 [1986]).
⁹ Binmore, K. (1987 a,b, 2008).

1⁰ Skyrms (1996, 2003, 2010).
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13.3 Interpersonal Comparisons in the Garden of Eden

Adam and Eve make interpersonal utility comparisons all the time in the
garden of Eden.11,12 Adam volunteers to wash the dishes even though Eve
would do so otherwise, because he judges that the difference for him is
smaller than the difference for Eve, who really hates doing it. He may just
do it for Eve’s sake. Or he may anticipate a future quid pro quo. We focus
here on such comparison of differences. How do they do it?

We paint an idealized picture of Adam’s and Eve’s individual utilities—
this is, after all the Garden of Eden—in order to frame our problem. There
is a set of outcomes that Adam and Eve both care about. Each has coherent
preferences over probabilities over outcomes in the standard way. (At this
point we assume egoistic preferences. That is to say they are just about
dish washing, and do not yet incorporate the other-regarding elements.)
This gives them each orthodox Von Neumann-Morgenstern utilities such
that preference goes by expected utility.13 Here we assume no stronger
measurement. These scales need not be hedonic at all. They may not have
anything to do with pleasure and pain, or they may.

Adam and Eve each have utility functions that are like a temperature
scale family in that their utility functions have an arbitrary zero value and
an arbitrary unit. Knowledge of the utility functions by themselves does
not allow Adam and Eve to make the common-sense judgment with which
we started. Zero points are not a problem, because they want to compare
differences: is Adam’s decrement in utility due to his washing small in
comparison to Eve’s increment in utility due to not washing? Comparing
differences, choice of zeros for the utility functions wash out. Units are
the problem. Choose different units and Eve’s difference can be arbitrarily
greater or smaller than Adam’s. We can assume perfect knowledge of each
other’s preferences—they know each other very well—but this does not help:
Each knows each other’s utility function up to zero and unit.1⁴ But they don’t
know how to compare units, so they don’t know how to make the tradeoff
between their utility differences.

11 The setting for this section is meant to call Binmore to mind, especially: Binmore
(1994, 1998).

12 The material for this section is drawn from Narens L. and Skyrms (2018).
13 See Section 7.1 for a description of Von Neumann-Morgenstern utility theory.
1⁴ The real world is much more messy, but we want to focus on the problem that remains in

this highly idealized case.
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13.4 Extended Preferences in the Garden

However, they do make judgments about the tradeoff. Harsanyi showed
that this can fit into the framework of orthodox expected utility theory by
supposing that they have extended preferences. Adam now has coherent
preferences over an expanded outcome set, consisting of old outcomes being
Adam’s and old outcomes being Eve’s. He then has an expected utility
representation over all these outcomes on the same utility function. This
provides Adam with means to tradeoff of his units with his perception of
Eve’s. Similarly, Eve has extended preferences over the same outcome set
providing her with the means to tradeoff her units with her perception of
Adam’s. The problem is now that these comprehensive utility scales for these
two actors may not agree on tradeoffs. We could suppose that we are all the
same under the skin, so that at some ultimate level of description Adam and
Eve will agree on tradeoffs. Harsanyi says this, but we find this unpersuasive.
We will assume, however, that Adam and Eve can talk to each other about
their extended preferences, and their different views of tradeoffs.

13.5 Miscoordinations

Adam and Eve can talk to each other. They can observe miscoordinations.
They can discuss them: “But I thought that you really, really minded washing
the dishes.” “No. not really. I don’t enjoy it, but it isn’t so bad.” Adam
and Eve may come to a modus vivendi as a result of these interactions,
an equilibrium in interpersonal comparisons. They may come to interact
as if they could reliably make interpersonal comparisons of utility, and
solve coordination problems, like the dishwashing problem, in the manner
indicated. As long as this works, they may come to believe that that can
make true interpersonal comparisons. But such a view is mistaken, because
other modi vivendi—other equilibria in interpersonal comparison—could
have been achieved. People who hold this view have been misled into
believing the objective validity of interpersonal comparisons of utility, even
though such comparisons have no objective validity, as Narens and Luce
suggest.

In their paper, Narens and Luce raise the question of equilibration dynam-
ics for interpersonal comparisons in a preliminary way, and observe that
different starting points may lead to different equilibria. They ask:
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• how to characterize a broad class of plausible dynamic rules, and
• how to characterize the class of experiences that ultimately lead to

equilibria.

Here we pursue this investigation of dynamics. Adam might judge that
it may not make much of a difference to Eve, but a lot to him. Eve may
contrarywise judge that it may not make much of a difference to Adam, but a
lot to her. Then there is no coordination of who does the dishes. Even though
each wants to respect the other’s utilities, they disagree on the tradeoffs.
The disagreement might even go in the opposite direction, as illustrated
in O. Henry’s story “The Gift of the Magi” (Porter 1906). Adam and Eve
may both want to do the dishes because each believes that the other cares
more than they do. Such miscoordinations are seen as errors in interpersonal
comparison. Miscoordinations then drive an adjustment dynamic.

It will be useful to regiment our description of the problem. Adam
and Eve only care about comparing differences of their utilities with their
perceived utilities of the other. Adam has a scale u that is an expected utility
representation over all the extended outcomes and Eve has a similar scale v
over her extended outcomes. These are only unique up to the choices of zero
and unit, but this doesn’t matter. It is assumed that Adam has outcomes with
maximum and minimum utilities, denoted, respectively, by Amax and Amin,
and Eve has similar outcomes denoted by Emax and Emin; u defines Adam’s
view of the comparison of his normalized units and Eve’s. Specifically, the
tradeoff constant a0 is defined by,

a0 =
u(Emax) − u(Emin)
u(Amax) − u(Amin)

. 13.1

This number is a ratio of differences, so we get the same number whatever
scale of Adam’s we use—that is, if instead of u in Equation 13.1 another
scale ru − s (r > 0 and s is an arbitrary real) is taken from Adam’s scale
family, then Equation 13.1 will still hold. We described this by saying a0
is absolute for Adam. Likewise, Eve’s extended utility function gives her an
absolute tradeoff constant, e0, for converting her units to Adam’s. (Note
that this is the reciprocal of the constant that she would use for converting
Adam’s utilities to hers.) So we have alternative views on how to convert
Eve’s utilities to Adam’s. The distance between Adam’s and Eve’s tradeoff
constants, 𝛿0 = |a0 − e0| is thus also absolute.
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When Adam and Eve disagree about tradeoffs, they might accommodate
by changing their extended utility functions so as to move their tradeoff
constants closer together. If Adam moves close to Eve, and Eve moves closer
to Adam, we say that they both evince good will. They might just split the
difference or each might take some different weighted average that gives
the other some positive weight. On the other hand, both may lack good
will, and move further away from the other. This might, for instance, be for
strategic reasons. Each wants to exploit the good will of the other. In this
case, the outcome will not be a tacit agreement, but more likely a divorce
in the Garden of Eden. Or perhaps Eve evinces good will, while Adam
behaves strategically. Then we may get either a divorce or a tacit agreement,
depending on how Adam and Eve move. We do not want to just think of
averages with fixed weights. The moves might be slow or fast. They might
fluctuate in speed, with first relative intransigence and late accommodation.
We would like to have a treatment that gives a general, sufficient condition
for convergence to an equilibrium of an accommodation dynamics that
covers all these cases. For this, we just assume that if there is any difference,
they will, depending on the difference, move closer together to reduce the
difference. This is formulated formally as follows: For the first disagreement
Adam moves a0 in the direction of e0 (but not equaling or surpassing it) by
choosing a positive real number p that does not depend on Adam’s scale
and making a1 = pa0 his new tradeoff constant. Because a0 is absolute and
p does not depend on Adam’s scale, a1 is absolute. Similarly Eve obtains an
absolute tradeoff constant e1 = qe0. Resolving other disagreements then leads
to the sequence of absolute tradeoff constants, ai, ei, as i ranges over the non-
negative integers. This gives rise to an accommodation dynamics that maps
the difference |ai − ei| into the smaller difference |ai+1 − ei+1| except when
|ai − ei| = 0.

Formally, call a function f from the positive real numbers into the non-
negative real numbers an accommodation function if and only if

(i) f is continuous,
(ii) f (d) < d if d > 0, and

(iii) f (0) = 0.

An accommodation dynamics has an accommodation function f and starts
from an initial positive real d0 producing the accommodation sequence,
d0, d1 = f (d0), d2 = f ( f (d0)), . . . .
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We assume that 𝛿i = |ai − ei| is an accommodation sequence with accom-
modation function g such that g(𝛿i) = 𝛿i+1. Theorem 16 shows that this
sequence converges to an equilibrium in which there is agreement on inter-
personal comparisons of utility, that is, converges to 𝛿 = 0.

Theorem 16 The sequence 𝛿i converges to an equilibrium in which 𝛿 = 0.
Proof. The sequence 𝛿i is an accommodation dynamics. By (ii) and (iii) g

has 0 as its only fixed point, that is, 0 is the only solution to g(x) = x.
Because it is decreasing and bounded by 0, it has a non-negative limit r.
Because lim 𝛿i+i = lim 𝛿i, r is also the limit of the sequence 𝛿i+1. But
g(𝛿i) = 𝛿i+1. Thus, r is the limit of the sequence g (𝛿i). But, because g is
continuous, lim g (𝛿i) = g (r). Thus r = g (r), making r a fixed point of g.
Because 0 is the only fixed point of g, r = 0.

For an averaging example of an accommodation dynamic, suppose that
for each i, at the ith stage Adam moves 1

8
of |ai− ei| in Eve’s direction and Eve

moves 2
8

of |ai−ei| in Adam’s direction, and g(x) = 5
8
x is the accommodation

function, but as we have emphasized, this is just a special case.
For each i, (ai, ei) is a proper subinterval of (a0, e0). Thus by Theorem 16,

the ai and ei converge respectively to points a and e in the interval (a0, e0),
where a= e. Because the ai and ei are absolute, a ( = e) is absolute. By
appropriately choosing real pi and qi so that ai+1 = piai and ei+1 = qiei,
convergence to any point in (a0, e0) can be achieved.

The accommodation dynamics and Theorem 16 given above can be gen-
eralized in a number of ways. We could have used monotonicity rather than
continuity for a technical requirement that covers a slightly different set of
dynamics. We could have set the distance at which accommodation stops at
some small positive number rather than zero, because it may be close enough
for Adam and Eve. The argument is basically the same.

13.6 Three’s Company

Suppose that Adam and Eve have agreed that Eve’s utilities are multiplied by
2 to convert to Adam’s. Now they are joined in the garden by Susanne. Adam
interacts with Susanne and they agree that Adam’s utilities are multiplied by
2 to convert to Susanne’s. Consistency then requires that Eve’s utilities should
be multiplied by 4 to convert to Susanne’s. But Eve and Susanne, interacting
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separately, may have come to agree on a different tradeoff constant, say 1 to 3.
If they all talk together, the inconsistency becomes apparent.

They may restore consistency in various ways. Suppose that the tradeoff
between Adam and Eve is already fixed by habit. Then Adam and Eve are on
the same utility scale. The question to be answered is where to put Susanne on
that utility scale. If Susanne’s utilities are multiplied by k to convert to Adam’s,
they will be multiplied by 2k to convert to Eve’s. If they all talk, they all know
this. They are now in quite a different situation than previously, where they
interacted separately.

Adam, Eve, and Susanne may have different opinions about where
Susanne should be put on this scale. These opinions can be expressed in
terms of conversion to Adam’s utilities, as three tradeoff constants, k1, k2, k3.
They can now accommodate by repeated weighted averaging—each taking
a repeated weighted average that gives everyone’s opinions some weight.

If instead, they all moved into the garden at once, with arbitrary extended
preferences, their accommodation problem would be more complex. Now
for Eve’s tradeoff with Susanne, there are six numbers in play, the tradeoff
from Susanne’s point of view, the tradeoff from Eve’s point of view, and the
composite tradeoffs through Adam from the four combinations of points
of view. You can visualize these numbers on the X-axis, the six numbers
for Eve-Adam on the Y-axis, and those for Adam-Susanne on the Z-axis.
There is a minimum and a maximum on each axis, and these define a box.
The distances between minimum and maximum on the axes, d1, d2, d3,
give the dimensions of this box. The box contains all the tradeoffs. Perfect
accommodation will shrink each dimension to zero.

Call the distance here the maximum of d1, d2, d3. Then the argument using
the accommodation dynamics works here as in the case of two players. It also
works just as well for arbitrary, finite numbers of players as for three. If at
every step the players responsible for the extreme values modify their views
to move these values in the direction of the average, they will converge to an
equilibrium.

This line of thinking leads to the following conclusions:

1. A general class of accommodation dynamics converges to a dynamic
equilibrium in the case of n agents. as before, there are different
possibilities for who accommodates and how.

2. But if n players have already formed a consistent set of tradeoffs, and
one new player enters the scene, then the problem is simpler. The
existing players already fit on one utility scale, and the question is just
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where to place the newcomer. Then simple weighted averaging serves
as an example of accommodation dynamics.

13.7 Utilitarianism in the Garden?

If our inhabitants of the Garden of Eden reach agreement on standards of
interpersonal comparison, then they have enough to meaningfully employ
Sum Utilitarianism. This does not mean that they must be Utilitarians. It is
possible that they only use their interpersonal comparisons to solve coordi-
nation problems. There are interactions in which they might coordinate on
multiple equilibria, and in which they all prefer to be at one of the equilibria
rather than none, but each has a different favorite equilibrium. They can
use Sum Utilitarianism in these situations solely as a coordinating process.
That is to say, they can use the comparisons of sums of utilities solely as an
equilibrium selection device.1⁵ If all do so, they will arrive at an equilibrium
and each will be maximizing expected utility given what the other does.

13.7.1 Example 1: Coordination in the Garden

Adam, Eve, and Suzanne want to go out to eat together. There are many
good eating places in the Garden, and each has a different favorite. Each
goes to a place independently. For each of them the worst prospect is going
somewhere and not having the other two show up. That would require
leaving and searching for the missing one or ones, and would ruin the
evening. There are three locations, A, B, C, each Pareto optimal. Table 13.1
shows Adam’s extended utilities for himself, Eve, and Suzanne.

Table 13.1 Coordination in the Garden

Location A B C

Adam 1 .9 .8
Eve .5 .6 .7
Suszanne .6 .15 1
Total Utility 2.1 3 2.5

1⁵ In Binmore, all of morality functions only as an equilibrium selection device. But in his
theory there are very many equilibria, because he models life as a repeated game.
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Adam uses the Utilitarian Sum of his extended utility scale to select an
equilibrium, and thus goes to location B, which has the greatest Sum Utility.
Since Eve and Suzanne agree with Adam on the values of the tradeoff
constant, they must agree that B has the greatest total utility on their own
scales, and so they all meet there and have a good time.

Such individuals do not behave as true Utilitarians, because in other kinds
of interactions they may not maximize the sum of utilities. For an example,
consider the three-person prisoner’s dilemma described in Example 2.

13.7.2 Example 2: No Coordination

Adam, Eve, and Suzanne are digging a swimming hole in the garden. Each
enjoys swimming but dislikes work. How nice a hole gets dug depends on
how many work. Whatever gets dug can be used by all. If two of them dig,
the third prefers not to dig but to free ride on the hole dug by two. If one of
them digs, the other two prefer not to dig but rather to just splash around in
the hole dug by one. If no one person digs, each of the others prefers not to
dig either. There is only one Nash equilibrium, in which no one works. But
the swimming hole would be so much fun that everyone agrees that everyone
pitching in would maximize total utility.

True Social Utilitarians would all work. Those who only use Utilitarianism
as an equilibrium selection device would not. This is because true Social
Utilitarians do not, on the face of it, maximize individual utility. This requires
some explanation lest the whole story become incoherent. For instance,
some would have another layer of other-regarding preferences enter the
picture at this stage. Adam, Eve, and Suzanne, who use Utilitarianism as
an equilibrium selection device, do maximize individual utility. They do so
because their utilities depend on what the others do, and the others are using
Utilitarianism in the same way. (They exemplify a restricted pragmatic form
of Utilitarianism that only uses a Utilitarian Sum in restricted contexts.)

13.8 What Have We Shown?

It all can work out. We have shown that in an austere and difficult case,
in which individuals are expected utility maximizers and have only Von
Neumann-Morgenstern utilities, conventions of interpersonal comparison
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can evolve for a wide class of dynamics. We have given a mathematical
characterization of the conditions under which this will happen.

With these conventions in place, individuals can use the Utilitarian rule
for selection between Nash equilibria of their interactions. And coordination
between such equilibria can drive the evolution of such conventions of
interpersonal comparison. This is all consistent with expected utility max-
imization on the part of the individuals, because at a Nash equilibrium each
individual is maximizing expected utility given what the other does. In this
way, Utilitarianism can be a viable rule for solving coordination problems in
a group. Interpersonal comparisons then have a moral status rather than a
factual one.

It is, however, not the only way of solving coordination problems. A
community of followers of John Rawls would want to coordinate by looking
at who was worst off in each equilibrium. To do this, they would have a more
demanding problem in setting up a convention for interpersonal compar-
isons that would allow them to implement their higher level convention of
maximizing the minimum gain. On the other hand, the hedonic Utilitarians
of the last chapter, in the fortunate realm where all utilities are positive,
would not have to arrive at a convention of interpersonal comparisons at
all. They could simply maximize the Utilitarian product, which is already
meaningful.
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Where Do We Stand?

Wehave not set out to evaluate Utilitarianism but to ask what it means.Many
philosophers seem to have felt confident in taking on the former without
bothering to think very hard about the latter, but Bentham was not one
of them. Two different strands of his thinking set the stage for almost all
subsequent developments.The first was the use of JNDs, which bloomed into
the field of psychophysics. Psychophysics has its own problems, not the least
of which begin the problem of multimodal comparisons; but mathematical
measurement theory has clarified conceptual issues. Questions about mul-
timodal comparisons of various pleasures, various pains persist. Empirical
tests for putting everything on one psychophysical scale, as Bentham had
hoped, fail.The psychophysics of pleasure and pain are amenable to scientific
study, as Benthamhoped, but the resulting picture will have to bemuchmore
complicated than he envisioned. Neurobiology does not simplify everything,
but rather magnifies its complexity.

Suppose group options are restricted to those who produce one kind
of pleasure, and which produce positive pleasure for everyone. The Util-
itarian Sum requires interpersonal comparisons. One kind of Utilitarian
(Edgeworth) can say one JND for Mary on her scale counts as much in the
sum as one JND for John. This is not a scientific judgment, but rather a
moral convention. Given the convention, it then is an empirical matter as
to how many JNDs of pleasure a quantity of good will provide for a person.
Edgeworth’s sexist and racist claims for the superior number of JNDs for
Englishmen are subject to empirical refutation. Nevertheless, the convention
is sensitive to such differences between individuals where they do exist.
This convention gives us one kind of Utilitarianism, applicable in restricted
domains.

The other strand in Bentham’s thinking involved preferences, which he
invoked for different kinds of pleasure and pain on the same scale. Prefer-
ences took over in economics, first with the ordinal revolution and then with
expected utility theory. Preferences over chancy prospects gives measure-
ment of utility on an interval scale. If all we have are independent interval
scales for individuals, then the Utilitarian Sum is, in general, meaningless.

The Pursuit of Happiness: Philosophical and Psychological Foundations of Utility. Louis Narens and Brian Skyrms,
Oxford University Press (2020). © Louis Narens and Brian Skyrms.
DOI: 10.1093/oso/9780198856450.001.0001
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In that case, all that is left of Utilitarianism is Pareto dominance: if you make
some better off and none worse off, then you make society better.

Does the expected utility theory say that you cannot measure utility on a
stronger scale? Or does it simply fail to provide a stronger scale? Some care
is required here. It is perfectly consistent to imagine a group of individuals
whose preferences for some sure outcomes go by a quantity measured on
a strong scale, perhaps even one given by JNDs, and whose preferences
over chancy outcomes go by expectation. Expected utility theory does not
preclude measurement on a stronger scale. But it calls into question the
relevance of the stronger scale for choice. Given your utilities over a set of
chancy prospects, if you change your utility scale by adding a constant and
multiplying by a positive constant, and you choose by maximizing expected
utility, you will choose the same.

Within this preference-based expected utility framework, Harsanyi does,
and does not, rescue Utilitarianism. He shows that if society has coherent
group preferences, and if these respect Pareto dominance, then society’s
utilities must have a Utilitarian representation. But the theorem does not
tell you what that representation should be; there are many. This is just the
problem of interpersonal comparison in a different form. Again, this does
not tell us that it is impossible to narrow down the choices by other means; it
just does not tell us how.Harsanyi had hopes that psychology and physiology
could show the way.

It is possible to reunite some of the strands of Bentham’s thinking to
measure utility on a stronger scale, a ratio scale, by considering preferences
over hedonic episodes. If we measure individual’s pleasures in this way, we
can have a meaningful variant of Utilitarianism. This is Product Utilitari-
anism, which takes the group utility to be the product rather than the sum
of individual utilities. It does not depend on interpersonal comparisons.
This again is a kind of local Utilitarianism, applicable in restricted contexts.
When we then extend the account to chancy prospects, as in Von Neumann
and Morgenstern, there are two natural ways to proceed and they are not
equivalent. We have here two more partial reconstructions of Utilitarianism.
There is a price to pay for each. One gives up group rationality; the other
gives up respect for Pareto dominance.

For each of the reconstructions of Utilitarianism we have the expected
utility challenge to answer: how can a stronger notion of utility have any
relevance to rational choice. For individual choice against fixed nature, it
can’t. But in a group setting choice is interactive. What maximizes expected
utility for me depends on what you do, and what maximizes expected
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utility for you depends on what I do. Utilitarianism can then play a role in
coordinating group action. For it to function this way, there needs be a social
convention that we coordinate on the Utilitarian joint course of action, and
a convention as to what we mean by the course that Utilitarianism selects.
The convention may require subsidiary conventions. If we are traditional
Sum Utilitarians, like Bentham, we need to arrive at a convention for
interpersonal tradeoffs. Give sufficient good will and a dynamic accommo-
dation process, this is possible. If we are product Utilitarians, the tradeoff
convention is not necessary. We do not see any grand unified theory, but
rather a number of alternative, viable, circumscribed Utilitarian approaches.
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